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Page  5.  Fourth  equation:  Change  u2  and  p2  to  uz  and  pz. 

Page  28.  Third  equation  from  the  bottom:  Insert  an  integral  sign  I  in 
front  of  Slj  do.  ^ 

Page  29.  A  —  Replace  the  statement:  “which  may  be  rewritten  as...”  with 
“subject  to 

(1  +  \!/)E  =  eE  =  D 

which  may  be  rewritten  as 

(1  -  g>)D  =  E” 

B  —  Tiiird  equation  from  the  bottom:  The  subscript  of  &  in  the 
last  exponent  is  L  rather  than  H. 

Page  32.  Top  line  shou’d  read: 
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Page  39.  Fourth,  equation1-  The  urst  term  on  the  right  should  read 
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Page  45:  Last  equation:  Replace  “sinb2  0  =  ...”  with  “2  sinh2  0  =  ...” 
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Page  55.  A  —  Top  equation:  Correct  the  last  term  to  1  ->/l  -y-2 

B  —  Second  equation:  The  upp^r  limit  of  the  first  integral  on 
the  right  is  -a  rather  than  «. 

Page  60.  Last  pari  of  last  equation  should  read  - s  . 

To 


Page  61.  Second  equation  should  read 
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PREFACE 


One  ai as  of  the  X-Ray  Optics  Branch  during  the  past  years  has  been  an 
understanding  of  the  diffraction  peopeiiL**  of  crystals  cod  their  characteriza¬ 
tion  on  the  basis  of  defect  structure.  Foe  *his  purpose,  my  coworkers  and  I 
have  carried  out  both  experimental  and  theoretical  investigations  In  diffrac¬ 
tion  and  hare  compared  our  results  vrjth  the  mathematical  and  physical 
models  that  have  been  available  in  the  works  of  various  authors. 

A  reference  we  lave  beEzvsd  to  te  a  source  of  many  subtle  ideas  in  the 
diffraction  field  is  5feefcariasen1s  19-55  tesok,  Theory  of  X-Ray  Diffraction  in 
Crystal*.  However.  Zari!^e*risVpre$€gt£s£3S.££  the -nathemat  real  informa¬ 
tion  Es  in  general  too  brief.  Thus,  in  contrast  to  his  verbal  description  of  Ite 
physical  process,  which  is  often  quite  b  reid.  many  of  his  significant  derivations 
he.ve  &  striking  absence  of  intennedtafr  steps.  Although  no  reader  would  like 
to  see  si!  the  detail,  we  believe  that  the  more  difficult  steps  should  be  accom¬ 
panied  by  at  least  a  few  comments  tost  would  indicate  the  point  at  which 
underlying  mathematical  approximal^/uS  have  been  introduced. 

The  present  set  of  notes  on  Chapter  Ilf  (“theory  of  X-Ray  Diffraction 
in  Ideal  Crystals”)  of  Zacharizscn's  -‘‘ook  is  intended  to  partially  remove  this 
deficiency  of  explanatory  comment*.  Initially,  comments  were  written  both 
for  Chapter  HI  and  that  part  of  P  rpStr  IV  which  precedes  the  section  on 
“Heat  Motion.”  Prior  to  their  introduction  as  an  XRL.  Report,  however,  the 
notes  had  to  be  modified  semewh rz.  First,  to  make  them  useful  to  readers 
with  diverse  levels  of  mathematical  Kackground.  considerable  effort  was  made 
to  give  explanations  and  derivations  of  formulas  in  as  elementary  a  fashion 
ss  possible.  (For  example  the  notes  begin  with  simple  illustrations  of  the 
periodic  functions.)  This  has  r  -t  always  been  practical,  of  course,  and 
several  concepts  will  nevertbele*.-  remain  difficult.  The  emphasis  has  been 
on  those  numerous  derivations  u  nich  require  special  mathematical  tools  and 
clever  steps  in  reasoning  and  approximation. 

Second,  as 2  compromise  t-<  the  amount  of  material  presented.  Chapter 
111  alone  was  prepared  for  the.  SRL  Report.  In  fact.  Chapter  IV  is  much 
easier  to  understand  once  the  .oncepts  of  Chapter  III  are  clarified.  These 
notes  are  only  a  supplement  to  he  original  chapter  and  are  notan  entity  in 
themselves;  a  completely  rewitoen  chapter  would  probably  hare  tripled  the 
size  of  this  work 

With  the  publication  of  report  it  is  hoped  that  at  least  some  of  the 
time  taken  by  the  serious  stud*-r,t  of  diffraction  theory  would  be  better  spent 
in  thinking  about  new  soluti  is  to  old  problems  (such  as  the  concept  of 
"mosaic  block”),  which  at  lie  same  tune  realising  the  economy  and  pro¬ 
fundity  of  Zachariasen  s  thoughts,  which  hare  become  an  inseparable  part 
of  his  style  throughout  the  y  »«rs. 
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ABSTRACT 


W.  H,  Zxbzrkzsea’s  vdHtnoirs  1945  book  “I5i«uy  of  X-Ray 
Diffraction  in  Crystals'*  contains  many  spifityl  arsd  orpins! 
ideas  aertarij  to  ciTnCik-s  -Js=5y:  ffestrer.  the  osttssons  and 
mathematical  dernations  therein  bek  the  necessary  derail  which  couij 
make  the  text  useful  to  readies  of  dherse  mathematical  Lackgrciatj. 
The  purpose  of  these  notes  is  to  preside  additional  comments  and 
He^cdate  demalxooal  steps  for  Chapter  HI  of  this  boot.  ‘"Theory 
of  X-Ray  Diffraction  inideal  Cfj'stals,"  whose*  content  has  often  been 
referenced  in  the  published  literature. 
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EXPLANATORY  NOTES  ON  W.  H.  ZACHARIASRfS 
‘THEORY  OF  X-RAY  DIFFRACTION  IN  IDEAL  CRYSTALS” 

INTRODUCTION 

The  study  of  x-ray  diffraction  in  crystals  ulSmaSeiji  leads  to  the  measurement  of  a 
far  basic  parameters  which,  is  a  general  srejse,  reflect  ice  quality  of  tfee  crystals  when 
used  in  applied  problems  such  as  spectral  analysis  of  radiation  sources*  analysis  of  cocn- 
pounds,  radiation  darrnpe,  and  growth  and  defect  structure  of  materials.  Among  these 
parameters  arc  the  following: 

*  Tbe  efficiency  with  which  x  rays  of  a  particular  etrergy  (or  warrfec^h)  are  ckf- 
fheted  from  a  crystal. 

•  The  sharpness  of  dit fractioa  peiks.  that  is,  the  resphttsoo  with  which  rdkctsocs 
from  a  crystal  may  be  distinguished. 

Tbe  irtfincnent  apaHe  of  such  caetsgtctrjs  is  the  docsbleciystal  spretrometer. 

Ifett  cfea^cteristsc  x  ntys  of  wareSecgth  X  are  reflected  by  *e  first  crystal « mon  ochrorr.  - 
atorl  socorthng  tc  Bfagg's  law  X  =  2d  sa  3,  where  d  is  the  hsterpfeai  spacing  of  She  dif¬ 
fracting  pfeees.  and  0  is  the  Bcag  a^e.  The  reflected  x  rays  then  arm*  onto  the  second 
crystal,  which  is  to  be  aaalyrssd  for  its  ora*  perfection  or  to  be  csvd  in  the  analyses  of 
iaridcit  q  we  ns  surface. 

To imestigiSe  to diffi^dioo  characteristics  cfa  crystal  in  a  doobSe-crystal  spectrom¬ 
eter,  the  monochromator  is  fixed  and  Use  second  crystal  **  ra^d-  w  rachdrs 
ndiaJy  of  the  ftra-g  T5»  response  of  tfee  crystal  to  lire  incident  x-ray  photons, 

shown  by  a  plot  of  intensity  versus  angle.  is  <  ailed  its  rocking  curve. 

Tfee  peak  of  the  rocking  core,  which  ooc^s  at  (or  rery  near)  tfee  Bragg  angle,  is  a 
sgmikani  parameter.  The  ratio  of  the  peak  intecsiy  to  the  anddent.  inlerssiiy 's  a  dhneo- 
soates  quantity  cafeed  tfee  peak  diffraction  eftkfeacy.  Tfee  angular  width  of  tfee  rocking 
cune.  which  is  a  measure  c-f  tfee  sharpness  of  dflcxvika,  is  influenced  by  severe!  geomet¬ 
rical  factors  fsSt  sire,  etc.)  a?  w<3  as  by  tfee  perfection  of  both  crystals,  in  scientific  com- 
munkatwns  ehferr  the  full  wKi «  iu»  (FWIUI‘  oc  tbe  half  breadth  at  half 

sunrsus  (ISStiH)  are  quoted.  Tire  area  under  tbe  wcSjrg  -or.?  (which  accounts  far  tbe 
total  cumber  of  photons  diffracted)  dreaded  by  tire  number  of  oaieat  photons  is  known 
as  tfee  integrated  reflection  coeiTkient  (R  value)  and  is  expressed  in  units  of  radians. 
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The  point  of  this  Introduction  is  to  emphasize  the  ultimate  purpose  of  *3  the  dtrtvxr 
lions  and  explanations  both  hese  and  in  ZschMsssen's  book.  Tlseje  shots! d  be  regarded  a* 
a  means  toward  an  experimental  end:  in  the  find  analysis,  any  diffraction  theory  should 
be  tested  by  a  physical  inshussent,  such  as  the  double-crystal  spectrometer.  This  is  why 
sscf*  a  discussion  appears  at  the  end  of  Zzdmssen’s  Chapter  III. 

Much  can  be  learned  from  any  theoretical  exercise.  bcA  the  1  ralur  of  a  good 
theory  is  not  only  to  explain  experimental  results  but  to  do  it  on  a  pfeyskaSy  sound  ba^is 
and  with  such  vigor  as  to  enabfe  the  experiusent«  to  apfsJy  It  Is  fcilhrr  predictions. 


DERIVATIONS  AND  EXPLANATIONS 

The  derivations  and  explanations  presented  here  «2I  be^fn  with  the  starting  popes  of 
Chapter  III  and  be  keyed  by  subheadings  *o  pages  or  equation  cumbers  in  the  seqatnee 
of  appearance  in  {fee  esaptfcr. 


Pbge  S3:  Concept  of  a  Periodic  Function 

A  typscyj  onedrmenHonal  prcode  function  » the  me  function.  If  the  periodkily 
is  shown  by  the  ceetor  s,  m  arbitrary  periodic  function  sSyjjjszrasr.^  S. 

The  rector  a  defines  a  spceiiic  orientation  in  space.  SSace  any  soSd  is  tareedhnen* 
sons!,  ft  is  in  general  necessary  to  specify  three  directions  for  any  periodic  Ikirke  fcxtscn. 


hge  S3:  Wart  Vector  k  or  kg 

The  wave  vector  k  or  ko  is  defined  diffcvr^Iy  by  vxriosz*  asthacx.  In  qsmbsna  ot* 
dunks  the  more  csoal  notation  is  *=  2?/Xq,  * bwe»  others  prefer  £  •  l  fi  wrt|x»c4  the 
factor  2r.  - 
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Page  84  (and  Chapter  I) 

A  clear  explanation  of  reciprocal  lattice  concepts,  together  with  a  discussion  on  the 
equivalence  of  Bragg’s  law  and  Laue  diffraction  conditions,  is  given  by  Azaroff  [1]. 


Figure  3.2 

Figure  3.2  is  a  diagram  drawn  in  the  reciprocal  lattice  space.  In  this  space,  linear 
dimensions  have  units  inverse  to  the  “real”  crystal  lattice  space.  The  "reality”  of  the 
reciprocal  space,  however,  becomes  apparent  upon  studying  the  origins  of  the  stereographic 
projection. 


Pages  87  and  88 

Four  general  or  three  “practical”  experimental  methods  are  described.  Today,  how¬ 
ever,  the  fourth  method  (continuous  variation  of  X  together  with  the  direction  of  incidence) 
has  found  a  significant  place  in  diffraction  studies:  The  curved-crystal  spectrometer  de¬ 
scribed  by  Birks  [2]  has  been  used  as  an  invaluable  tool  in  spectral  analysis  of  pulse-’, 
x-rays  (flash  x-ray  tubes,  laser-induced  x  ray:,  etc.). 


Page  89 

In  sections  3  through  7  intensity  expressions  arc  derived  on  the  basis  of  kinematical 
theory,  for  the  case  of  a  single  electron,  a  single  atom  (aggregate  of  electrons),  a  unit  cell 
(basic  array  of  atoms),  and  a  “small”  crystallite.  The  dynamical  theory  >s  then  treated  in 
sections  8  through  12. 


Page  90:  Basic  Assumptions  of  Thomson  Scattering 

The  first  assumption  of  Thomson  scattering'  is  that  the  restoring  fon-c  on  the  electron 
is  negligible.  Therefore,  the  force  due  to  the  electric  field,  cE,  is  the  nst  force  ond  accel¬ 
erates  the  electron  according  to  Newton’s  second  law.  The  second  assumption  is  that  the 
natural  frequency  o'i  the  electron  is  small  compared  to  the  frequency  of  x  rays.  Thus  no 
resonance  will  occur  between  the  electron  end  the  electromagnetic  field.  This  means  that 
the  electron  scattering  intensity  will  be  an  expression  independent  of  x-ray  frequencies. 

On  the  basis  of  these  assumptions,  equation  3.7  follows  from  the  simple  second-order  dif¬ 
ferential  equation 


-cE0e,o-'°'  =  m-^2  . 

Equation  3.8  is  a  “definition”  from  elementary  electricity  and  magnetism  theory.  Equa¬ 
tion  3.9  abo  defines  the  coefficient  of  E0  in  Equation  3.8. 
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Page  90:  Dipole  Radiation,  Equation  3.10 

The  following  texts  give  more  explicit  forms  for  dipole  radiation  by  writing  out  vari¬ 
ous  components  :  Becker  and  Sauter  [3],  Pugh  and  Pugh  [4],  and  Panofsky  and  Phillips 
(1962)  [5].  The  vectorial  form  given  by  equation  3.10  will  be  used  in  the  following  deri¬ 
vation. 


Derivation  of  Equation  3.11 

The  vector  u  is  the  unit  vector  in  the  direction  of  scattering  (or  observation),  and 
pc  is  the  electric  dipole  moment.  The  vector  u  X  pc  appearing  in  equation  3.10  is  a  vec¬ 
tor  normal  to  u  and  pe.  Its  magnitude  is 


|u|lpci  sin  £(u,  pc)  =  lullp^isin  -  ’  .  sinip, 
and  its  direction  is  determined  by  the  right-handed:  screw  rule.  Now 
e'"0,Ee  =  (u  X  pc)-X  ueitJ0f"''%k*R, 

Ee  =  (u  X  pc)  X  ue'/2!lk'R, 

ef  -  1EC12  -  Ee  *  e*  -  f(u  x;pc)  x  ui  •  i(u  X  Pc)  x  uj. 
Note  that  taking  complex  conjugate  removes  c~2”lk‘R_  Again, 


f(u  X  pc)  X  u]  1  u  and  1  (uX  pc)  =*  {(u  X  pc)  X  u]  !1  pe. 

Now 

l(u X  pc)  X  u|  =  |u  X  pe||u|Sin  L[{u  X  pc),u]  =  |u  X  pf|  •  iu| 
because  u  1  u  X  pc  and  sin  Z.[(u  X  pc),  uj:  =  1.  Thus 

|(u  X  pe)  X  uj2  =  p2  sin2  y?  =  Eq  (—-o')  sin  y>. 

VnoJ  o/ 


Since 


then  equation  3.11  follows. 


Page  91:  Derivation  of  Equation  3.12 

’Hie  sentence  introducing  equation  3.12  states  that  the  equation  is  obvious.  However, 
even  though  equation  3.12  may  be  justified  by  visual  observation,  it  is  not  at  all  obvious. 


NRL  REPORT  7556 


5 


Sin  yp  is  defined  in  the  relation 

|u0Xpc|  =  |u0||pc|  sin  =  lpc|  sin  v?. 


or 


and 


sin  p  = 


iu  X  p„[ 
IPCI 


sin2  v?  =  |u  X  pc H“  x  Pci  _  (u  X  pc)  •  (u  X  pe) 

IPc!2  lpcl2 

Now  define  i,j,  k  as  the  set  of  unit  vectors  along  the  X,  Y,  Z  directions.  We  have 

u  X  p  =  (uyj  +  u2k)  X  (pj+p2k ), 
which  becomes,  since  /  X  i  =  /  X  k  »  i,  ft  X  i  =  /,  and  k  X  k  =  0, 


u  X  p  =  -i 


+  uypzi  + 


« zPxj 


with 


uy  =  ju|  cos  20  =  cos-2 6-i  uz  =  sin  20, 

Px  =-■  lp|  sin  \}i,  Pz  =  |P|  cos 


Then 


(u  X  p)  •  (u  X  p) 
b!2 


=  cos2  20  sin2  $  +  cos2  20  cos2  \</  +  sin2  20  sin2  ^ 


-  cos2  20  +  sin2  20  sin2  ’ll 
=  1  -  sin2  20  +  sin2  20  sin2 
=  1  -  sin2  20(1  -  sin2  i (/) 

“  1  -  sin2  20  cos2  \p 


Page  91:  Scattering  by  an  Atom 

Under  the  assumption  of  a  small  restoring  force  and  no  interaction  between  electrons 
equation  3.13  should  be  corrected  to 
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*j  =  - 2 


E0ef<J0W2nk0*i j 


Now  define  the  dipole  moment 


as 


-ex,-  =  - 


moii 


E0eicJ(>t~i2T!ko  ‘O' 


=  p >()<_ 


In  other  words  p;  contains  o„]y  the  spatial  part  of  the  dipole.  With  iWs  definition 


*  *  Eo«-'2,k»-'4 


mu 


Equation  3.8  previously  defined  p 


as 


Pe  “  -E, 


0  9  > 


so  that 


P,  =  pce-i2l7k0-7. 

.“r'"1 * *— >  in  the  atom 
on  the  spatial  tSiS  '”*»**'  »  factor  dependi, 

Equations  3.15  and  3.16 

In  °^uatl0n  315>  Eat.  «s  the  amplitude  of  the  electric  field  observed  at  the  min/  R 
However  Ry  appears  in  the  exponent,  because  of  the  effective  E  at  po7nt R  is  ^  r* 
ons  eieetronm  contributions  of  index/  (Fig.  2),  The/U,  contribution  to  the  a^iitl  h^' 

<"/ x Py) x .  (U/. x 

'  £  iSffisrrs; 

c-»2iTk o* Tj c~/2« k* ( R-ry)  =  c2,7,(k-k0).ry  -f2.7k-R 

^  > 

and  the  total  sum  goes  over  to 

T  (Uy  Xpc)X  oc"'2^- R  c  ar/(k-k0)-r,- 

'  c2/c  y' 

i 
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Fig.  2— Vcctois  from  the  nucleus  of  an  atom  and 
its ;th  electron 


Looking  at  the  similarity  between  this  and  equation  3.10,  we  can  write  equation  3.16: 

Eat.  =  Ec  c,$>r/»  *  =  2ff{k  -k0). 

/ 

This  means  that  the  amplitude  Eat  at  the  observation  point  R  is  the  same  as  that  of  an 
electron  in  an  electric  field,  multiplied  by  a  phase  factor  eli'TJ  which  is  summed  over  all 
electrons  in  the  atom. 

The  “interference  effects”  referred  to  at  the  end  of  page  92  may  be  observed  not 
only  for  coherent  beams  from  regular  arrays,  arising  from  crystal  structure,  but  also  from 
instantaneously  incoherent  beams.  Theonly  difference  is  that  in  the  former  these  effects 
remain  detectable  through  time  but  in  the  latter  they,  disappear  within  a  time  comparable 
to  the  inverse  frequency  of  the  interacting  photons.  We  are  here  concerned  with  only 
those  effects  that  show  up  after  time  averaging,  namely,  structure-dependent,  steady-state 
effects. 


Page  93:  Classical  Assumption  of  Independent  Probabilities 

The  classical  assumption  of  independent  distribution  functions  Oj  obviously  would  .jot 
hold  in  the  quantum-mechanical  treatment  of  the  problem,  because  Ihe-Pauli  exclusion 
principle  would  impose  an  additional  constraint  on  the  electronic  wave  functions  or  asso¬ 
ciated  probabilities. 


Page  93:  Coherent  Scattering 

The  incoherent  scattering  is  obtained  only  after  the  coherent  z  ttering  and  total 
scattering  are  written  down: 


I(inc.)  =  I(tot-)  —  I(coh.). 

To  obtain  the  coherent  scattering,  first  the  instantaneous  amplitudes  of  equation  3.16  are 
averaged,  whereas  to  obtain  the  total  scattering  the  instantaneous  intensity  expression  is 
averaged. 

The  mean  amplitude  in  equation  3.17  is  obtained  by  summing  the  amplitudes  of  vari¬ 
ous  electrons,  each  one  of  which  contributes  to  the  sum  in  the  form  of  equation  3.18. 
Note  that  averaging  the  quantity  is  the  same  as  integrating  the  probability  (oj)  over  the  en¬ 
tire  volume.  The  phase  factor  c'#’r/  has  to  be  included  for  each  term. 


8 


MOHAMMAD  FATEMI 


Equation  3,20 

The  second  equality  in  equation  3.20  results  from  the  fact  that  for  i  =  /  the  value  of 
the  double  integral  equals  1,  There  arc  Z  terms  in  this  integral  (for  the  Z  electrons  with  i 
=  j.  Only  the  terms  with  i  =£/  need  by  calculated.  Note  that  since 

=  J  OjC,s'rj  du, 

then 


Derivation  of  Equation  3.21 

In  the  derivation  of  equation  3.21  we  must  show  that 


We  can  write 


(yjj  +<p2  +  +«^2  +  ’•■  +  <Pz) 


-  •Pi'Pi  +  'P\'P*z  +  + 

=  l^jl2  +  V?2  +  'f’Z'Pl  + '"'f  +'*'+  I2 


NT  1  V— 1 

L — iL. — i 


Therefore 
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Page  93:  Sentence  Following  Equation  3.21 

Aside  from  a  factor  of  c/8tt  the  total  intensity  is  the  average  of  the  squared  ampli¬ 
tudes  (mean  square  amplitude).  The  coherent  sea  ering  is  the  squared  mean  amplitude 
(as  we  noted  under  “Page  93;  Coherent  Scattering”). 


Page  94:  Definition  of  Atomic  Scattering  Power 

From  equation  3.17  the  definition  of/0  on  page  94  gives 


/o  - 


atomic  amplitude 


WS  v>; 
j 

electronic  amplitude  lEej 
This  expression  ie  good  only  for  high-frequency  x  rays. 


V1 

-  Ij, 

j 


Equation  3.23 

The  element  of  volume  in  spherical  symmetry  is  4irr2  dr.  When  p(r)  (probability  per 
unit  volume)  is  given,  the  number  of  electrons  between  r  and  r  +  ar  becomes 


where 


and  thus 


p(r/4jrr2  dr  &  U(r)  dr , 


(J(r)  s  4?rr2p(r) 


P(r)  = 


t/(r) 

4?rr2 


Page  95:  The  Atomic  Scattering  Power 

Inlike  section  3,  in  section  4  two  other  forces  are  now  added  to  the  equation  of  mo¬ 
tion:  the  centripetal  force  and  a  velocity-dependent  force.  Both  have  minus  signs. -and 
they  tend  to  decrease  the  effect  of  the  applied  force 


__1  Efte'wo'-<2-ko*7. 

m  0 
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Again,  we  must  solve  the  ordinary  second-order  differential  equation  3.27  and  obtain  equa¬ 
tion  3.28.  Thus  equation  3.29  is  the  revised  expression  for  atomic  scattering  power  for 
lower  energy  x  rays. 


Page  96 

Equation  3.31  is  written  in  a  purely  formal  manner.  It  implies  that  the  scattering 
power  f  contains  an  imaginary  part  due  to  the  radiation  damping,  and  a  real  part  which 
may  be  split  between  /°  (high-frequency  limit)  and  the  binding-force  term  mcofxj.  Equa¬ 
tion  3.31  can  also  he  written  as 


f  =  f0  + 

i 


<PjU-  +  £;  +  »??/)- 


Section  5:  First  Paragraph 

The  vector  a/  is  the  lattice  parameter,  and  x-t  is  a  number  defining  a  fraction  of  this 
parameter.  In  the  definition  of  structure  factor  (scattering  power  of  a  unit  ceil)  the  same 
provisions  apply  as  in  the  atomic  scattering  factor. 


Equatic-n  3.32 

In  Equation  3.32  f2(r)  is  a  single  function  (distribution  function),  whose  Fcurier  com¬ 
ponent  are  S2//.  These  are  related  to  each  other  by  the  Fourier  reciprocity  theorem. 


Equation  3.36 

Equation  3.36  is  analogous  to  equation  3.12. 


Equation  3.38 

Again,  equation  3.38  states  that  the  structure  factor  F°  is  the  sum  of  individual  scat¬ 
tering  powers  of  a'-jitis.  each  of  which  is  multiplied  by  a  phase  factor.  Particular  note 
should  be  taken  of  the  remarks  following  this  equation. 


Equation  3.44 

For  a  unit  cell  with  large  or  appreciable  anomalous  dispersion,  the  expression  for  F 
(not  F°  as  in  equation  3.38)  is 

f  « TV*-'*, 
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where  /).  is  the  scattering  power  for  the  ftth  atom  and  is  given  by  the  expression 


4  =  y  +  + 


Equation  3.31  is  (he  same  expression  without  the  superscript  ft. 


Equation  3.45 

When  the  distance  R  is  large  compared  with  the  crystal  dimensions,  the  wav~s  arriv¬ 
ing  at  the  observation  pointr  hre  “plane.”  The  “plane-wave  approximation”  does  not,  ob¬ 
viously,  hold  for  very  small  R.  In  the  way  the  phase  factor  eis’*L  comes  in  the  expres¬ 
sion.  the  inherent"  assumption  is  that  various  uniLcclls  in  this  crystallite  radiate  with  the 
same  strength  aside  from  the  geometrical  phase  factor.  No  absorption  or  ^er  dynamical 
effects  are  included. 


Equation  3.47  c 

In  equation  3.46  the  first  of.  the  three  summations  on  the  right  is 


ci,Viva1  _  1 
e'*’*1  -  1  ' 


Thus  the  product  of  the  three  summations  follows  as  given  in  equation  3.47,  with  the  sum¬ 
mation  index  being  i  =  1,  2,  3. 


Equation  3.49 

All  three  Laue  conditions  should  be  satisfied  simultaneously. 

Equation  3.52 

Equation  3.52  states  that  when  the  Laue  equation  is  satisfied  the  quantity  F:,  (struc¬ 
ture  factor  for  s  =  S//)  can  be  defined  as 
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F„  -  £VKB"'"1. 

k 


Note  how  this  equation  may  be  evaluated  for  various  crystal  structures  to  give  usable  ex¬ 
pressions  for  structure  factor;  see,  for  example,  Azaroff  [I]  and  Culiity  [6]. 


Middle  of  Page  101  to  Middle  of  Page  102 

For  future  convenience  let  us  correct  the  assumed  variation  in  the  angle  20  by  writing 
20+  2s  (rather  than  20  +  e  )  so  that  the  angle  of  incidence  wfll  change  tc  5  +  e.  Then 
let  us  substitute  2e  for  e  everywhere,  Equation  3.56  becomes 


Iff  (s)  ~  I^Fn 

and  equation  3.57  becomes. 


/log  2  X 

W«  *  V  »  2D  cos  0-  • 

There  is  in  principle  no  difference  between  this  and  equation  3.57. 


Page  102:  Discussion  of  Absorption  Processes 

Distinction  is  made  here  beacon  photoelectric  absorption  and  extinction.  Our  ex¬ 
planatory  note  above  on  equation  3.45  pointed  out  that  absorption  effects  are  not  included 
in  that  equation.  : 


Page  102:  Primary  and  Secondary  Extinction 

It  is  perhaps  appropriate  at  this  point  to  discuss  the  relationship  between  the  half 
width  of  the  rocking  curve  and  the  concept  of  extinction. 

A  brief  explanation  of  primary  and  secondary  extinction  is  given  by  Zachariasen  in 
Chapter  4.  Here,  for  definition  alone,  we  choose  the  Darwin  model  of  the  crystal:  The 
bulk  crystal  is  composed  of  small  crystallite  blocks,  each  block  oriented  at  a  small  (mis- 
orientation)  angle  with  respect  to  its  neighbors,  both  the  block  size  and  the  misbrienta- 
tion  angles  nay  be  assumed  to  follow  smooth,  normal  distribution  functions.  The  line 
shape  (diffraction  pattern)  for  each  block  may  be  assumed  to  have  the  form  derived  in 
equation  3.54. 

Absorption  in  a  perfect  crystallite  is  made  up  of  two  distinct  processes.  Consider 
what  happens  when  the  crystal  is  rotated  with  the  icspect  to  the  collimated,  monochro¬ 
matic  beam,  toward  the  Bragg  angle  Og.  At  considerable  angles  outside  Op,  the  crystal  be¬ 
haves  like  an  amorphous  absorber  and  the  penetration  of  the  beam  into  the  crystal  may  be 
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reb lively  high.  If  the  linear  absorption  coefficient  is  p,  the  “absorption  distancs’*  1/p  may 
reach  Several  millimeters.  As  the  Bregg  angle  is  approached,  a  greater  and  greater  portion 
of  the  incident  photons  contributes  to  diffraction,  and  simultaneously  the  depth  of  pene¬ 
tration  is  rapidly  decrease;!.  This  rapid  reduction  of  the  primary  beam  during  diffraction 
in  perfect  crystals  (so-callod  primary  extinction)  is due  to  multiple  reflection  of  the  beam 
fom  neighboring'  planjrn  At  each  double  reflection  the  phase  of  the  reflected  beam  is 
180°  behind  ti.al  of  tlie  ncident  beam.  Thus  it  may  take  no  more  than  a  hundred  thou¬ 
sand  atomic  layers  before  the  amplitude  of. the  Lvcident  beam  dies  out.  This  distance  of 
Id*  to  10s  atomic  layer,  is  called  the  “extinction  depth”  fsee  Auleytncj  [7J). 

Cor.slder  now  wiiat  hip,*.-ns  wlien  an  aggregate  of  mosaic  blocks  (a  mosaic  crystal)  is 
made  to  rock  around  the  Bragg  angle.  The  future  history  of  a  parallel  pencil  of  x-rays 
arriving  ai  the  crystal  surface  is  determined  by  several  factors: 

•  Photoelecm-.;  absorption  coefficient  p 

•  Misorieniation  angle  between  the  blocks, 

•  Sire  of  the  crystallites, 

•  “N'at'ira!”  half-breadth  of  the  perfect  crystallite. 

if  the  mosaic  blocks  were  so  large  compared  to  the  1/p  distance  that  no  significant 
radiation  could  pass  through  a  given  block  after  ordinary  absorption,  then,  by  using  a  small 
beam,  one  should  see  the  same  half  breadth  for  the  bulk  crystal  .as  for  the.  perfect  crystal¬ 
lite  (beam  1  in  Fig.  3  ir*  qualitative  example).  If  the  x-ray  beam  covered  an  area  con¬ 
sisting  of  several  blocks,  Ur;  effect  of  the  misorieniation  between  the  crystallites  should 
also  be  seen  in  *’,e  rocking  curve  by  a  multiple  peaking,  the  amount  of  which  may  vary 
depending  on  the  geometrical  divergence  of  the  primary  beam. 


Fin.  3 -Example*  of  beams  incident  from  the  right  which  are  (1)  totally  diffracted,  (2)  totally 
absorbed,  and  (3)  partially  absorbed  and  partially  diffracted 
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If  the  absorption  distance  1 Jft  is  much  larger  than  the  average  size  Of  a  given  block, 
and  if  the  blo^k  size  in  turn  is  larger  than  the  extinction  distance,  then  the  beam,  if  not 
totally  diffracted  by  a  given  block,  may  penetrate  farther  into  ihe  crystal,  there  o  be  dif¬ 
fracted  by  another  block  of  proper  orients*'  -•*  5^civ-2  is  an  example  in  which  the  dif- 

fracteo  beam-is  tshufy  bed.) 

Finally,  if  the  absorption  distance- nr  ch  Jirgtrthr^'the  extinction  depth,  and  if 
ibis  in  tum  is  larger  than  ihe  blocs  sB&ctwi  ctfee ihf  .SenEbeam  (beam  3)  will  remain 
urabsorbed  afteir  diffractio::  by  each  block,  to  a.  t%  lower  lying  crystallites. 

The  loss  of  power  of  primary  beam  due  to  diffraction  by  crvs(aIfitesprior  to  the  ar¬ 
rival  of  a  beam  at-  the  block  under  consideration  Is  called  secondary' extinction. 


Equation  3.5S;  Absorption  Coefficient  ft 

Note  that  p  here  is  the  linear  absorption  coefficient.  Jn  some  books  (such  as  Jenkins 
and  DeVrie?  [8]}  it  stands  for  the  hubs  absorption  coefficienL 


Page  103*  Comments  Following  Equation  3.58 

Tlie  reader  should  pay  particulr  *  attention  to  the  comments  following  equation  3.58 
which  describe  the  Condition  under  -*xh  the  intensity  formula  3.48  holds. 

Section  7 

Tfhr-  program  of  action  7  is  to  consider  the  three  methods  of  obtaining  diffraction 
lines  ami  to  derive  an  expression  for  the  intensity  of  a  small  crystal  as  a  function  of  appro¬ 
priate  v^riablec  Thus  an  initial  parameter  e  j  is  chosen  which  corresponds  to  the  “most 
important”  variable  in  each  of  the  three  methods.  For  example  in  the  Laue  method  this 
corresponds  to  a  change  in  the  wavelength  in  the  neighborhood  of  Bragg  X.  If  a  detection 
surface  is  chosen  (such  as  un  ionization  chamber),  then  the  total  power  received  by  the  de¬ 
tector  ts  the  integral  .of  the  intensity  (function  of  g  j)  over  the  entire  surface  of  the  detec¬ 
tor,  where  at  ihe  same  time  the  variable  a  j  covers  all  possible  ranges,  hence  equation  3.63. 
Hie  definition  of  A  at  the  beginning  of  the  section  (equation  3.59)  5s  for  the  sake  of  sim¬ 
plicity.  The  integration  of  f/j  a r  ».  function  of  A  may  be  further  simplified  if  an  explicit 
form  lor*  A  can  be  obtained  in  terms  of  e x,  e2»  and  -3*  Then  the  integral  takes  the  form 
given  *r  equation  3.67. 

Hie  surface  element  in  each  of  the  three  methods  cw.  be  easily  evaluated.  For  ex¬ 
ample,  in  the  Laue  method  :*  5«  obtained  by  “measuring”  the  latitude  and  longitude 
throt'.fji  which  uw  inay  vary.  Obviously  dS  is  the  area  of  a  rech’-^fe  on  the  surface  of  Uie 
spin :r  (Fig.  3.4)  whose  sides  are  ft  d%2 


IS. 
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Depralkm  *rf  Equation  3.65 

Refrrnjjg  to  Fig.  3.4.  ire  fix  the  o'rvcikrd  of  jsscideoce.  Thus  =  u$-  Slate 
A  =  s  -  5//i.  *e  raa/  write 


“  Tg  (“tf  "  uo) 
Ai? 


and 


2x  2x  » 

s  «  —  (U^  -  u0)  -  “(U./  -  «£.>- 
'•//  A»v 


Even  though  lo  Fig.  3.4  the  directions  of  u/fr  u|-,  etc.  are  ^ws  far  apart,  *p  sissi 
rKcstnler  tha*.  their  separation  is  of  ins*,  order  in-s  j.  s  2,  ^  2_  which  are  «es3  qusithscs. 
Prom  equation  3.64 *re obtain  ' 


1  / 


^  1  f,  r-j>  i 

4*  %5  ^/ri  *fr/ 


Xext  Set  os  decompose  the  aait rectors  ujj ,  Uq,  u^f  alongrhe  sci  of  axes  r, ,  r2.r3.  The 
vector  u%  is  in  the  T\f*  j*nt  Therefore 


4  =  cos  2d  rj  +  *gn  2?  r*. 
The  vector  Uq  is  oriented  along  rt; 

4  c  n* 

The  vector  uw  has  all  three  components;  ’he  r3  component  is 

JuwI  sh  f.  2t~  -  w  e  2r3.  - 

Us  projection  on  the  Tj  r2  plane  is 

tUjflCOS  ?2  —  cos  f  2- 


Therefore  we  have 

uw  =*  cos  €  2[c9$  {20 +  ?  3)Jtj  +  1:05  e  2(an  {28+  e  3 }Jy2  +  sin  «  2r3. 
We  expand  cos  (20  +  e3)  and  sin  (2d  +  e3)  ip  get 

cos  (2d  -*•  -  - )  =  cos  20  cos  -  3  -  sin  20  syi  ^  3 
»  cos  25  -  «r3  sin  2d 
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and 


sin  t~2&  =3)  -  sin  25  cos  *3  ♦  cos  25  sis  s3 
~  sin 2?  +£ja»2l. 


2r  *»  25££j  jp> 

*  |5J 

%“  lli  K£2r3  +  fj(ow K-tjsai  2?)  ■*■  r^fio  25  *-x  j  coe 29) 

-cos2!?Tj  -  sin  2£rz 

“t2r3  f  (f;OW® — 1 1 «52?f-3.  '  |2i 

*»/;  -  «f  ~  f-2TJ  *  T;(«»2l-e3sia2?j|  *•  r-fsa^i  '  ?  ta< 2?J  -  rs.  (3) 

Substituting  tqintiosc  2  aad  ?  into  eqa&a  1,  stS  p»«rt  of  £2  tic,  ««  gct 


1  "  ^  *  75  {?**£  ♦  <*£«*  25  -  ?|  57l2?^jj 
yli 

-^{^a*lC«w29-l)  *  rjsn^S) 


or 


* 


&sj 

<MS>* 


iTji-posafl) 


-  r*sn  2SJ 


2x 


2r?s 

(r,  cn>  2?  -  r,  sin  25), 
xil 


which  agrees,  with  equation  3.65  ».*jh<ea  jg  Ujc  text,  except  that  tn  the  text  U«e  saSssaipt 
W  has  been  dropped  for  convenience.  fflK?  it  s»  understood  that  aS  the  equations  sit;  y.-riUco 
for  ihe  same  set  of  Mitss  iirfict#-  isjcesented  by  Si. 


J«gobi«i« 

The  concept  of  a  ixotoe&i  is  used  wfeenesw  a  charge  of  variable  fc  necessary  in  a 
multivariable  integration.  In  the  sV/pkst  case,  a  change  of  variable  from  r  toy,  say.  when 
y  =  fli),  is  effected  in  the  following  way: 
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Dy 

dy  =  ~  dx. 
dx 

Thus,  in  an  integration  with  respect  to  a;,  the  difierential  dx  may  be  changed  to  dy  if  it  is 
rewritten  as 


dx 


dx 

dy 


dy. 


When  the  number  of  variables  is  more  t..an  one,  the  Jacobian  may  be  shewn  to  take  the 
form  of  a  determinant.  For  example,  the  three  variables  y  {y,  y2,  y3}  may  replace 
sc  {.Vj,  ,r2,  *3}  by  introducing  the  Jacobian 


Dyj 

Dyi 

3yi 

Da:j 

3*2 

3*3 

^2 

3y2 

3y2 

3*1 

3*2 

9*3 

3*3 

3y3; 

3y3 

dxl 

3*2 

3*3 

Consider  now  a  vector  function  A  decomposable  along  the  three  coordinates  Tj,  t2) 
,t3.  The  Jacobian  which  transforms  the  coordinates  from  e  j ,  e2,  p-3  to  plt  p2,  Pp  (equa¬ 
tion  3.59)  can  be  written  in  a  simple  form,  with- the  aid  of  the  rules  of  expansion  of  oetermi- 
nants.  For  this  purpose  let  us  consider  the  derivative  of  the  vector  function  A(elt  e2,  e3)  or, 
in  general,  A(xlt  x2,  *3 )  as  a  three-component  vector  in  a  rectangular  coordinate  system: 


DA 

dxi 


DAV 


?A2 

+  ~  e9i  + 

dXi 


DA* 

dX;  ® 


3 


where  A1}  A2,  A3  are  the  components:of,  A  along  the -.unit  vectors  0^  e2,  e3.  Without  be¬ 
ing  too  concerned  over  the  mathematical  rigor,  we  may  formally  regard 


as  “equivalent”  to 


3y/ 

dXj 


y 


assuming  A  can  be  expressed  in  terms  of  both  x  and  y.  Because  of  the  implicit  relation¬ 
ship  between  x  and  y  (or  e,-  and  p-t  in  our  problem)  we  may  furthermore  set 


as  equivalent  to 
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The  reader  may  use  the  expansion  of  a  three-by-three  determinant  and  prove  to  himself  that 

-'(r)  -  r  •  (r  x  r)  ■ 

\3  *,-/  3-':  \dx2  ox3/ 

where  in  that  determinant  each  row  contains  the  components  of  the  derivatives  3A/3*,-. 

Now,  to  evaluate  equations  3.68a  and  3.68b,  remember  some  simple  rules  on  cross 
and  dot  products: 


*1  X  rj  =0,  Tj  X  r2  =  f3,  t2  X  t\  =  -t3,  etc. 

f  j  *  r  j  =  1,  Tj  •  r2  =  0.  etc-. 

To  evaluate  the  Jacobian  (3A/3ej)  •  [(3A/3e2)  X  (3A/3e3)]: 

~  -  ^~2-lTi(l-cos26B)  -  r2sin,2 0B], 


and 


/3A 

\3e2 


X 


2«f 

.  <T2  cos  20b 


rj  sin  20B) 


47r2 

ppf’riCos2?« 


r2  sin.  20b), 


w 


[(cos  20b  - 1)  cos  20 B 
[cos2  20b  +  sin2  2dB 
sin2  0B. 


+  sin2  20b] 
-  cos20b1 


Equation  3.71 

In  equation  3.-71,  v'  is  the  unit  cell  volume,  5  V  is  the  unit  cell  volume  multiplied  by 
N^N2N3%  and  the  notation  is  somewhat  misleading. 


Equation  3.74 

The  surface  element  given  by  equation  3.74  is  the  area  of  the  rectangle  swept  by  the 
tip  of  U  y,  as  e2  and  e3  are  varied  (Fig.  4): 
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dS  =  (12  cos  <fid e2)fld(y> +  £3) 


or,  because  <p  is  a  fixed  angle, 


dS  -  R  cos  ifide^Rde^ 
~  R2  cosyJd^r^. 


Derivation  of  .Equation  3.75 

In  deriving  equation  3.75  we  will  use  the  expression  for  s  -  slt  =  A  as  defined  previ¬ 
ously  by  equation  3.(65.  However  the  variable  ei  now  refers  to  the  rotation  angle  from 
any  u0  to  u®.  This  rotation  is  defined  in  equation  3.73.  Thus,  with  reference  tc  Fig.  3.5, 

u0  =  ujj  +  £xr3  x  uC  =  u0  +  e li cos Xr2 

=  cos  xri  +  E  i  cos  xr2  -  sin  xr3, 

u®  =  cosxri  -  sinx»a* 

uw  =  sin  (<p  +  e3)r3  +  cos  (y>  +  s3)[cos  (\J/  +e  2)tj  +  sin  (0  +  e2)r2], 
ug  =  sin(<^)Tj.  +  cos <p(cos  v!*?!  +  sin  ^r2], 

A  «■*-*//“—  l(u//  -  u0)  -  (ug  -  ug)]  =  •—•(«;/  -  uh  *  uo  -  uo)- 
Again  we  expand  sin  (y?  +  e2)  etc.  using  the  approximation  of  small  e3: 


sin  (y>  +  e 3)  =  sin  y>  +  f.3  cos  y?, 
cos(y?  +  e2)  =  cosy>  -  t;}siny>, 
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Uq  =  (cosXtj  -  sinXr3) 
and 

ug  =  (sinyjfg  +  cos^cos^rj  *  cos  sin  ^r2). 

Taking  the  dot-product, 

Uq  *  ug  =  (cosXtj  -sinXr3)  •  (sin  v?r3  +  cos  <p  cos  ^r^) 
or 

-  cos  20ft  =  cos  X  cos  v?  cos  ^  r  sin  \  sin  <p. 

Two  c-rrors  exist  in  the  Zachariasen  version  of  this  result  (equation  3.79). 

Equation  3.80 

In  the  j>owder  method,  the  variable  is  associated  with  the  variation  in  the  Bragg  in¬ 
cidence  angle,  that  is,  the  variation  between  u0  and  ujj  (Fig.  3.8).  If  all  directions  of  inci¬ 
dence  become  equally  probable,  then  in  the  calculation  of  intensity  a  required  term  is  the 
probability  of  finding  a  photon  at  the  glancing  angle  in  the  range  of  0B  +  e  j  and  0n  + 
d5j  as  a  function  of  0B.  To  do  this  we  draw  the  cone  of  axis  Bf{  and  seini-apex  angle 
(7T/2)  —(Of.  +  ej)  (Fig.  5a).  Now  we  change  0B  +  e  j  to  0B  +  +  del  (Fig.  5b),  and  we 

calculate  the  fraction  of  photons  that  arrive  at  the  apex  of  the  cone  through  the  small  area 
of  the  circular  strip.  We  find 

area  of  strip  ^  (2  na)rdO  =  [2irrcbs(0#  +  ej)]«rcfeI 

C  '  w 

=  2 nr2  cos  (0B  +  oJ)deJ. 

The  total  area  is  that  of  the  surrounding  sphere:  4 nr2.  The  ratio  of  the  two  areas  deter¬ 
mines  the  probability  w  de- j  (equation  3.80): 


Fig.  5b— Circular  cone  of  Fig.  5a  plu-  an 

Fig.  5a— Circular  cone  about  Ihc  vector  Bjj  in.Tomcnted  cone 
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wde1  = 


area  of  strip  2  nr2  cos  (0B  +  ej ) 


area  of  sphere 


4;rr2 


~  -TjCOsO#  dej. 


This  probability  factor  must  be  multiplied  into  the  intensity  expression  according  to 
equation  3.81.  The  surface  element  for  the  ionization  chamber  is  easily  seen  to  be  R  tfe  j 
Rde2  =  R2  de1de2,  and  equation  3.81  follows. 


Derivation  of  Equation  3.82 

Calculation  of  A  follows  the  same  line  as  in  previous  sections: 


2k 


D  D 

A  =  —  f(uw  -  U0)  -  (u#  -  ug)]  a  s  -  sH, 


u//  =  e3T3  +  cos(0B +£2)t2  +  sln(0B  +  e2)ri » 

u fj  -  sin  0/{ti  +  cos  0bt2, 

u0  =  ~sin(0B  +  e1)r1  +  cos(0B +ei)r2. 


uB  =  -sin  0It  Tj  »-  Cos  0B  r2. 


co s(0B  +  e2)  «  cos  Og  -sinOg  s2, 
sin  (0B  +  e2)  **  sin  0B  +  e2cos0b, 
2r 


X 


fe3r3  +  (cos Oft  -  sin0Be2)r2  +  (sin  0B  +  e2  cos 0b)T]  ] 


2#r 


+  — * [(sin 0/j  +  cos0Bei)rj  -  (cos 0B  -  sin0Be1)r2] 

A 


2tt 


+  —  l-cos0Br2  -  sin0BTj  -  sin  0bTj  +  cos0Br2] 


2tt  A(l  -fi 

=  Y£iCcos^Bri  +  sin  0Br2)  +  Ye2(cos  ^Brl  -  sin  0Br2)  +  ~e3r3. 


2  IT 


2k 


Equation  3.85 

As  stated  by  the  equation  directly  above  equation  3.85,  the  intensity  expression  is 
an  expression  of  the  form 


5fl  -  l0QSV, 
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where  5  V  is  the  volume  of  the  crystal  (not  the  unit  cell  volume)  and  Q  Is  an  expression 
which  in  the  kinenwtical  theory  is  well  defined  c.  *>o:£  ss  the  experimental  method  is 
given.  In  the  powder  method;  there  is  aho  the  multiplicity  factor  which  takes  into  ac¬ 
count  the  contribution  due  to  different  atomic  planes  of  the  same  type.  In  this  connec¬ 
tion  it  is  important  to  read  carefully  the  paragraphs  of  section  7.  following  equation  3.85. 

Plages  111  and  112: 

Paragraphs  on  pages  111  and  112  contain  important  information  regarding  the  differ¬ 
ences  between  dynamical  and  kinematical  theories.  A  large  group  of  mathematical  defini¬ 
tions  appears  here  with  that  of  the  direction  of  n  (page  112). 

Equation  3.88 

In  equation  3.88  the  vectors  p0  and  Pq  inside  the  crystal  medium  replace  E0  and 
k0  outside.  Both  these  numbers  are  very  nearly  the  same,  that  is,  D0  ~  Eq  and  k0  ~  fi0 
subject  to  equation  3.89.  To  solve  the  problem  two  conditions  must  be  satisfied:  The 
first  is  the  boundary  condition  that  at  the  surface  (where  n  •  r  =  0) 

external  incident  wave  «  internal  incident  wave.' 

The  second  condition  that  must  hold  is  the  “self-consistency”  of  internal  waves  (incident 
and  diffracted). 

Derivation  of  Equation  3.90 
According  to  equation  3.89 

fio  ~  Ml +  So) 

or 

00  =  *0 a  +  50)2  %  *o(l  +  250>- 

Now  we  set 

jDq  c,CJO/‘,2,70O'r  =  £C  ^'j}(jt-i2nko'T 

At  the  boundary  we  have 

cfcjOf-»2i70T  _  c/wot-/2nkoT 


c-/2.7/Jv  _  e-»2sk0*r 


or 
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When  two  exponentials  an*  equal,  the  exponents  are  equal,  to  within  an  additional  2rr. 

00  *  r  *  *«o  ‘  r- 

Since  adding  a  zero  term  on  the  right  does  not  change  the  equality,  this  zero  term  can  be 
in  the  form  of  a  dot  product  with  r.  Specifically, 

fi  •  r  =  k  •  r  +  An  •  r, 

where  on  the  surface  n  *  r  =  0  and  the  factor  A  is  necessary  to  make  the  equation  valid 
everywhere  else: 


0o  =  ko  +  An. 

Thus  outeide  the  crystal  we  have  A  =  0. 

To  obtain  equation  >S;90,  we  square  the  quantity  0O  obtained' above,  that  is,  dotit 
into  itself: 

fo  *=  kl  +  2An  •  k0. 

We  had  /3q  =  k<j(l  +  25p).  so  that 

kl  +  2An  •  k0  =  kl  +  25*0 
or 

2 

A  -  ^°k°  _  _  Spfeo 

n  *  k0  n-ug  To 

Therefore 

0O  «  kg  +  An  =  kg  +  n 

where  y q  is  the  direction  cosine  of  the  incident  wave: 

cos  or  =  t0  =  n  •  Up . 


Equation  3.91 

Remember  that  the  product  of  the  electric  field  and  the  dielectric  constant  defines 
the  displacement  vector. 
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Equation  3.92 

The  subscript  //  refers  to  a  set  of  Miller  indices  hxh2h2.  One  may  however  assign  an 
“order”  number  1,-2,  3,  etc.  to  each  set  {hxh2h2)  or  diffracting  waves  in  equation  3.92. 
Thus  in  equation  3.92  H  may  be  a  number  like  1,  2,  etc.  rather  than  a  set  of  three  num¬ 
bers.  Also  notice  that  the  total  diffracted  wave  2)  is  the  sum  of  several  multiplied  by 
phase  factois. 

Middle  of  Page  113 

It  is  important  io  keep  in  mind  that  we  are  dealing  with  a  two-wave  diffraction  (D0 
and  Off).  The  interested  reader  may  search  the  recent  literature  for  three-beani  diffraction 
studies. 

Equations  3.93  and  3.94 

The  dielectric  constant  of  a  crystal  lattice  is  only  slightly  different- from  unity.  The 
difference  between  the  constant  and  unity  is  approximately  47ror,  and  this  quantity  is  a 
function  of  the  periodicity  of  the  lattice. 

The  factor  4na  is  a  scalar  quantity.  From  optics  and  elcctricity-and-magnetism  theory 
we  know,  however,  that  the  dielectric  constant:  has  both  real  and  imaginary  parts  and  the 
imaginary  part  is  related  to  the  linear  absorption  coefficient.  ;(We  will  consider  more  Re¬ 
tail  on  this  point  later.)  We  can  therefore  expand  the  quantity  dm*  into  a  Fourier  series: 

e  *==  1  +  Ana  ~  1  +  ifr. 


where 


II 


Remember  that  B//  is  a  vector  of  the  reciprocal  lattice  and  the  product-B//  •  r  is 
dimens**onless.  'Jhe  subscript  H  refers  to  any  one  of  a  number  of  possible  sets  of  three 
Miller  indices  that  give  rise  to  diffraction.  The  components  tftff  of  the  Fourier  expansion 
can  be  evaluated  by  the  usual  method  based  on  the  orthogonality  of  the  exponential  func¬ 
tions: 


1  jVei2!lBW*rdu 


(the  summation  is  over  H,  the  integration  is  over  du).  Thus,  every  vector  Bf{  or  S//  has 
assigned  to  it  a  subscript  H  for  which  a  component  \^//  may  be  defined. 
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Equation  3.95 

To  get  equation  3.95  from  equations  3.41.  and  3.42,  we  note  that 


F 


mcoQ 


Jae!t'r, 


SI;  dv 


XX 


_mWo  £  Uce2*B/rrdy 
e2  4*  J 


morjjV 

e24x 


or 


*H  =  - 


4»e2 

inojfav 


where  we  call  the  particular  F,  related  to  the  subscript  H,  by  the  symbol  Ffl ;  that  is  Fu 
is  the  value  of  structure  factor  F  for  s  =  2zB/f. 


Equation  3.96 
We  have 

n  =  y/F ~  y/l+  &  ~  1  + 

where  ^  is  .a  small  quantity  (£  «  1).  “ 

The  real  part  of  the  refractive  index  is  the  factor  responsible  for  dispersion  (because 
ft  is  a  function  of  wavelength).  The  imaginary  part  of  n  leads  to  a  phase  shift  in  scattering 
or  to  true  absorption. 


Equations  3.9? 

We  had,  from  equations  3.95  and  3.41 


where 
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V  =  - 


47re2  V"1 


mu> 


and 


mwf. 


The  expression  for  index  of  refraction  thus  becomes 

c 

n  -  l+i^  =  l  +  ^W’  +  ii};")  =  1  +  + 


The  imaginary  part  of  n  is  1/2  ^  . 


Equation  3.99 

When  both  //  and  £  are  expanded  in  a  Fourier  series,  we  have 

-  H 

and 


*  = 


/  .  ^ He 


,-»2aB//*r 


// 


with 


i'll  -  i/^'c'2*3"-'* 


This  implies 


i 
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r  C 

» 


r„ « £]>«**»•' <* 


Vll  =  -■ 


2..  „ 
M  £  , 

An 


.  2i  iff!  iV_.  fn.c.2^r,d„ 

X0  mug  vLJ!  J ' 


With  cjq  =  2jt(cA) 


2c  Xo  V1  f  r%  »2»B//Tj 

"« -  ^vLn>  J„%c  ^ 

i  v 


Equation  3.100 

To  obtain  the  average  coefficiem,  the  set  of  values  (h\h'/hz)  are  set  at  zero;  that  is, 
the  phase  factor  is  1. 


Equation  3.101 

The  average  real  index  of  refraction  is  1  +  («//2),  so  That  \}/'  =  $'0  can  be  obtained 
by  the  same  method  we  used  for  equation  3.100: 


,,  ,  4?c2F0  _  4?re2 

v  “  Vo  ‘  ‘ 


2[v+i<)  %<ii> 


4-e2  Nr“> 


where  equation  3.42  is  used  in  expressing  F0,  and  where 


P.:do  =  2.- 
/  ; 
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because  It  simply  states  that  the  density  of  electrons  integrated  over  the  entire  volume 
should  give  the. total  number osf  electrons  (of  type/). 


Equation  3.102 

The  first  sentence  of  section  9B  is  important.  The  more  familiar  form  of  equation  3.102 


is 


VX  (V  *E)  =  - 


1_  3rD 

e 2  3f2 


which  may  be  rewritten  as 


(1  -  #)E  =  e;£  »-9  . 


Derivation  of  Equation '3.103 
Lat  us  write 


3  =  >  Qj,/** 

.■*  J 

.*/ 


Then 


(1-#)  $=  c-°'(V  O ,{c  i2s*H'r_  £  2^  rj. 

\  .1/  E  / 

Here  f/  and  L  are  equivalent  dummy  indices.  We  expand,#  hr  a  Fourier  series. 


*  -  T 


and  obtain  equation  3.103: 


(1  -  #)$  =  cfwttf 


L 

.  H 


D„c 


r***»'r  _  2]  2]  D^««’asffe** 


£  K 
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Derivation  of  Equation  3.104 

Starling  vrith  equation  3.103,  ire  have 


(1- 


V)2  «  To^rr  _  y1  y*  OL&ge****' 

.  H  K  L 


LY* 
J 


\£ _ t 

LH 


\E0^’“"  -  LL 


H-L  L 


-  gfvtf 


L  a 


a 


>here 


y~t  °L&h-L  ~  %- 


Demation  of  Equation  3.105a 
From  cqteiioa  3.101 

'  ?  X  IV  X  V  -t&l  *  -4ft  X  [ft,  X  (D;r  -Cjy)|. 

arid  from  equation  3.92 


1  32$2 
”  c2  ai5- 


a 


Therefore. 

~fa  X  [^/  X  (0//-C;;)}  =  k^Pif. 


DwBiaS  of  Eotmion  3.103b 
V\>.  fc*t« 

*&?  X  Iftf  X  ®  &7  x  -C;/>  X  fo]  * 
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To  expand  this,  we  use  the  rule  in  vector  products  that 

AX(BXC1  =  B(A-C)~  C(A  *  B), 


so  that 


Ph  *  [(D#-Cw)  X  %]  -  (Dh  -Cfj)fip  -  PhIPh  •  (DH  -  Cw)]  = 


or 

~ChPh  -  PhWh  *  -Ctf)l  =  (ko -Ph)DH- 

Now  c 

Ph  *  (°H  -  ch)  =  Ph  *  Dw  -  Ph‘  ch  =  -Ph  *  CH 

because 

Ph  *  dh  =  0 

(which  can  be  seen  by  dotting  both  sides  of  equation  3.105a  into  Ph),  and  we  have  from 
equation  3.104a 


■  Ph  *  ch 


H-LUL 


\ 

1' 


which  we  insert  along  with  equation  3.104a  into  our  last  equation  in  the  preceding  section 
to  obtain 


['Pn-LfPn  *  dl)Ph  -  ^h-lPhdl] 


(fe0  ~P?f)®H- 


Middle  of  Page  116 

“Transverse”  in  the  discussion  following  equation  3.105b  means  having  components 
normal  to  the  direction  of  propagation;  Mathematically  this  is  written  as  D h  ’  Ph  ~  0* 
wlierc  Ph  is  the  wave  vector.'  The  t  .uation  y  •  3)  =  4np,  where  p  is  the  charge  dnesity,  is 
on  of  Maxwell’s  equations.  'Jsmg  this,  we  get 

y  *  ®  =  V  *  D//c;w°M2’Tft/'r 
// 
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=  Pn-Y'  eiO}0  l-i2j!hr'y 
n 

since  applying  the  operator  ( V' )  on  the  vector  sum  3)  is  equivalent  to  the  product  0/ /  * 
3);/,  where  0//  is  the  “derivative"  cr  the  exponent.  Thus 

D a  *  0//  =  0  implies  V  •  3)  =  0. 

This  last  equation  is  good  for  the  oscillating  part  of  the  displacement  vector,  since  the 
divergence  of  the  static  part  is  not  zero. 


Derivation  of  Equation  3.106 

To  solve  the  complicated  set  of  equations  3.105,  we  must  use  some  approximations. 
First  let  us  assume  that  the  I.aue  equations  are  not  satisfied  for  any  bectcr  B// ;  that  is,  let 
us  assume  that  the  x-ray  beam  arrives  at  the  crystal  surface  in  such  a  way  that  the  angle 
of  incidence  is  not  equal  to  any  Bragg  angle  with  a  “detectable"  diffraction  amplitude. 

The  only  component  of'D  is  then  Dc.  Others  are  “relatively”  zero;  that  is,  there  is  only 
an  incident  beam  of  displacement  amplitude  D0.  With  all  D//  equal  to  zero,  equation 
3.105b  will  become 

& o(0o  *  DO)0O  -  ~  (fc?  -  0n)^o 


(because  H  and  L  are  both  zero).  However  0O  •  D0  =  0,  so  that 


or 


(1  -  \&o)0o  -  k(j 


or 


l-'V 


which  is  the  first  part  of  equation  3.106.  Since  is  very  small,  we  may  expand  this  ex¬ 
pression  and  get 


00  - 


ftp 

n/1-^0 


which  is  the  second  part  of  equation  3.106.  Remember-that  1  +  (l/2)^o  is  the  average 
refractive  index. 
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Equation  3.107 

To  derive  equation  3,107,  rewrite  equation  3.105b  in  the  followirg  way: 


l Pm-iAPm  '  Dz.)Av  -  'Pm-lPmdl] 


0‘o  -PoPa/- 


Since  the  summation  is  over  L,  each  M  refers  to  a  separate  equation. 
For  M  =  0, 


L 


P-l(Po  '  ®l)@0  -  P-lPo^l  ~  04  -  Pq)D0, 


Since  DL  =  0  unless  =  Dfl  and  DL  =  C-r,  .■  have 

Mfio  *  *Wo  +  Wo  *  ?u)A>  "  'P-nPo0!!  ~  topfoo  ~  Otl-Po)Oo> 


We  note  that  0O  •  D0  =  0  and  set  V'-//  =  'Pjj  to  obtain 

PliiPo ’  o  -  'PiiPcPn  ~  ^»o  “  (*0  “  0o>Do, 

which  leads  to  the  first  of  equations  3.107. 

For  M  =£  0,  the  right  side  of  equation  3.105b  contains  ,  which  means  M  =  H. 
Summing  the  terms  for  L  =  H  and  L  =  0,  we  get 

'PoiPil  *  D/')0//  -  'PaPii®!!  +  'Pn(P/{  *  D0)P//  -  Wf{D0  =  (^o  ~Ph')®M- 

Again  the  first  term  in  this  expansion  is  zero  (0/y  •  Dw  =  0),  so  that 


'PliiPn  "  Do)Pn  ~  'PhPh®o.  ~  'PoPfi®!/  =  (^o  ** ^o)D//. 

Since  D/»  is  a  linear  combination  of  />/;  and  D-),  it  lies  in  the  same  plane  as  D0  and  fJ//. 
Furthermore  it  was  already  shown  that  /!//  •  L>/-  =  0;  that  is,  Pf/ is  normal  to  D/.,.  Thus 
the  three  vectors  fin,  D(),  D//  are  all  in  one  plane  and  arranged  as  shown  in  Fig.  6.  The  angle 
ixiinccn  D0  and  %  will  be  designated  as  x- 


Derivation  of  Equations  3.109 

2  2 

Approximating  0O  and  according  to  equations  3.108,  we  get 
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Fig.  6- Vectors  of  equa¬ 
tions  3.107  (all  are  co- 
planar  with  the  page) 


*0  -0o(l-*o)  -  K  -  fe5a  +  260)(l-^c) 


and  similarly 


*o  -  mi  +  25 o  -  0O> 
•*o(280  +  ’r'o) 


,{o  ~  ?//(!  ~  il'o)  551  "*o(28//  +  0o)* 

To  get  the  first  equation  3.109,  we  use  the  first  equation  3.107  to  write 

Wo  '  D//Wo '  D0  -  *  Do  =  ~^o(28o  +  0o)Do 

or,  (remembering  0q  *  D0  =  0) 

0  -  tyffkoQ-  +  280)D„D0  sin  x  =  -*o(250  ~  ^o)Do- 

In  this  equation  the  right  side  is  a  very  small  quantity,  because  both  250  and  0O  are  small; 
it  therefore  makes  sense  to  regard  the  factor  (1  +  25Q)_as  almost  equal  to  1.  Then  we  get 

(250  -^0)D0  -  0,7  sin  xDH  -•  0. 

Similarly  for  the  second  equation  3.109,  we  begin  with  the  second  equation  3.107  and  get 

(25;,-  )°H  -  0„  sin  x  D0  =  0. 


Equation  3.110 

In  equation  3.110  a  distinction  is  made  between  0„  and  0/,,  that  is,  between  the  two 
components  when  planes  of  the  form  (/ifeK)  and  (hkll)  are  considered.  We  will  inter  discuss 
the  conditions  under  which  \}/jj  may  be  set  equal  to  0„,  although  in  most  derivations  we 
will  set  the  two  approximately  equal. 
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Page  117:  Normal  and  Parallel  Polarization 

Let  us  remember  the  waves  are  transverse.  Moreover,  let  us  note  that  sin  x  appears 
in  the  product  \{/jj  sin  x  o^y*  We  will  set  sin  x  =  1  and  assume  normal  polarization  (Fig. 
7),  When  the  need  arises,  we  will  replace  \pjj  by  cos  20  for  parallel  polarization. 


Fig.  7— Waves  with  parallel  polarization  (ieft  halt  of  figure)  and  normal  polarization  (right  half  of  figure) 


Derivation  of  Equations  3.113,  3.114a,  and  3.114b 
Starting  with  equation  3.112,  we  have 

=  k£  +  Ms  „  +  B 

fO 


fin  ~  fin  ’  fin  =  (ko  +  ~~  n  +  B//j  *  [K  +  ~~  n  + 

=  *2  +  fe  +  Bl  +  2u0  •  +  2*sb*JCJ! 

7q  "  70  70 


+  2 Id  '  B 
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2  2 

Imoring  h050ly0  in  equating  the  preceding  equation  and  equation  3.108,  we  get 


tfr  =  ftod  +  25//)  =  k2Q  <■  B\ j  +  2u0  •  /-n  +  2kg-  Bw 

'0  vo 


= 


ft0  +  25//A0 


or 


B//  .  2k„  •  B„ 

5«  ‘  SI  + 


,  “n  '  n.;  .  21i„Bh  •  n  t 

+  irs° + 


or 


where 


*  _  1  A  1, 

5H  =  o01  +  I5o. 


®  “  i.2  (B^r  +  2ko  *  B;/) 
Ko 


and,  since  ug  *  n  =  y0. 


I  -  1  +  -Bw  *  n 

6  1  n  -  kg  * 


The  quantities  50  and  bt{  are  related  to  the  internal  incident  wave  and  the  internal  dif¬ 
fracted  wave.  The  wave  vectors  p0  and  0j/  of  the  internal  incident  and  diffracted  beam 
are  related  to  the  incident  wave  vector  k0  through  the  pair  of  equations  3.1.08.  The  quan¬ 
tities  50  and  5//  are  obviously  small  quantities,  so  that  there  is  experimentally  a  very  small 
difference  between  the  various  refractive  indices.  Equation  3.113  enables  us  to  evaluate 
5//  as  a  function  of  50  and  the  wavo  vector  of  the  incident  beam.  The  quantity  50  itself 
is  related  tlirough  equations  3.10^  and  3.106  to  a,ic*  thus  to  the  average  refractive  index 
of  the  medium.  From  equation-  3.113,  3.114a.  and  3.114b  we  see  that  o{{  contains  a  part 
which  is  approximately  equal  to  50  plus  another  part  a/2  of  the  same  order  of  magnitude. 


Derivation  of  Equation  3.115 

From  equation  3.114a  and  the  relation  B//  =  k$  -  kg 


.  n  •  kg 

n-(feg  +  k/*-kg)' 

Numerically  j/egj  ~  |feg  l>  because  the  wave  vector  docs  not  change  its  value  by  much  in 
diffraction.  Thus 
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n*kg 


B  hBn  . 

0  «on  u0 


n  •  kfj  kffn  •  ujj 


Derivation  of  Equation  3.116 


Referring  to  the  Laue  diagram  in  the  reciprocal  lattice  (Fig.  3.2),  we  can  easily  write 

B//  ~  -  kg. 

Substituting  this  the  expression  for  or  (equation  3.114b),  we  get 

«  =  i  l (kft)2  +  (A)7,  -  2k g  •  kg  +  2k& -k ft  -  2k§  •  kg). 

«o 

The  first  two  terms  and  the  last  term  cancel  out,  as  they  are  approximately  equal  and  con 
tain  no  cosine  term.  The  remainder  is 

a  ~2  [-2ftg  cos  20 B  +  2*o  cos  (0  +  On)]  «  -2  cos  2 0B  +  2  cos  (0  <-0B). 

,lo 

To  get  rid  of  cos  2 0B.  we  rewrite  0  +  0B  as  20#  +  (0  -  Op)  or,  in  turn,  as  20#  +  AO  and 
evaluate 

cos(20#+A0)  =  cos20jg  co>A0  -  sin  20 R  sin  AO 
*  cos  2 Op  -  (sin  20#)(0  -Op). 

Substituting  this  in  the  expression  for  a,  we  get 

a  =  2(srn  2 0B)(0B  -  0 ). 


Derivation  of  Equation  3.117 

The  angle  between  u0  and  ug  is  not  0#  -  0,  as  the  vectors  u0  can  lie  on  a  cone  with 
constant  0  but  changing  the  angle  between  u0  and  ug  (Fig.  8). 

We  must  resort  to  some  mathematical  tricks  for  the  evaluation  of  the  quantity  (0B  - 
0)  sin  20  in  equation  3.116.  We  write 


Fig.  8— GeomcUy  pertaining  to  the  derivation  of  equation  3.1 17 


38 


MOHAMMAD  FATEMI 


Og  +  0  =  20  g  -  [Og  -  0) 
or 

COS(0g+0)  =  COS  [20 B  -  (0fl"0)]. 

Now 

cos  (2 Og  -  ( Og-O )]  =  cos  20 g  cos[0B  -0)  +  sin  20 g  sin  (0B  -  0). 

If  Og  «  0,  then  0B  -  0  is  small,  so  that 

sin  [Og  -  0)  *  Og  —  0. 
and 

-cos(0B  -0)  «  1. 

It  follows  that 

cos  [Og  +  0)  ^  s:os  20g  +  (sin  20B)(0B -0). 

First,  to  evaluate  cos  [Og  +  0),  we  consider  the  plane  which  contains  the  incident  and  dif¬ 
fracted  beam  (Fig.  9).  The  angle  between  the  diffracted  beam  at  the  Bragg  angle  and  the 
incident  l»cam  slightly  off  the  Bragg  angle  (the  angle  between  u0  and  u j})  is  Og  +  0.  Thus, 
with  reference  to  Fig.  3,5, 

cos  [Og  +  0)  =  Uq  •  u/j  =  cos  x  ccs  <p  cos  $  +  s  j  cos  x  cos  </?  sin  $  -  sin  sin  <p. 

Next  cos  20 D  according  to  equation  3.79  is 

cos  x  cos  ip  cos  ^  -  sin  sin  y>. 

From  these  last  three  relations  we  see  that 

(0B  -  0)  sin  2 Og  =  e  j  cos  x  cos  <p  sin  $ 


Fig.  9— Geometry  of  the  angle  between  uq  ’"d  tiff 
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as  given  in  equation  3.117— resulting  from  the  “simple  consideration”  mentioned  in  the 
sentence  prior  to  the  equation  but  rather  tricky. 


Derivation  of  Equation  3.118 

Rather  than  expressing  a  in  terms  of  0,  we  consider  A  as  the  independent  variable. 
So  (equation  3.114b), 


a  =  7l[B^  +  2kg-Bw), 

Hn 


where  (from  equations  3.4  and  3.2) 


Similarly 


Thus 


/„B  ,,B\  „B\ 

=  («fl  .  «fl]  .  (ifff  i£fl) 

Ub  ^B/ 


=  \2  +  \2  “  2  *2  c'OS  2 Og. 

Afl  AB  AB 


2kg  -  B,/  =  -  2~  ~~  +  2:p  r^-  cos  2UB. 
ag  ao  ao  ab 


/  2  2  2  2  \ 

«  =  ao(T2  -  T2  cos  2(?/j  -  —  <•  r~r~  cos  205) 

\ab  ab  aoab  aoab  / 

»  X(;  [j|  (1  -  cos  20fl )  -  ~  (1  -  cos  20„)] 
-X^-coS2»„,(A(i  .A)] 

=  ^a-costoJ^M 

aB  \  aB  / 


Equations  3.119  through  3.26 

Equation  3.119  is  derived  using  equation  3.113  in  equation  3.110,  the  so-called  dis 
persion  relation,  under  the  assumption  of  sin  x  =  1  (normal  polarization). 
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Substitution  ir.  equation  3.119  in  ter, ns  of  x  (amplitude  ratio,  Dn/D0)  leads  to  equa¬ 
tion  3.120.  Either  in  terms  of  50  or  in  terms  of  *  the  roots  of  the  quadratic  equation  are 
given  in  equation  3.121  or  equation  3.122.  The  fact  that  two  8’s  emerge  from  these  equa¬ 
tions  implies  that  two  internal  incident  waves  exist.  Moreover,  for  each  x  there  is  a  ratio 
between  Dw  and  D0.  Hence dwo  diffracted  waves  exist  also.  It  is  clear  that  the  values  of 
these  waves  should  correspond  to  the  values  of  5q  and  6q. 

We  write  the  total  incident  wave  inside  the  medium  as  a  two-component  field  (primed 
and  double  primed) 

€fw0W2ako;rjD'oe-»Vl<  + 

where  <p,  and  <f2  arise  from  equation  3.90  in  the  following  way. 

Inside  the  crystal  one  should  use  rather  than  k0,  which  from  equation  3.90  is 


0o  =  Ho 


To 


The  additive  term  in  the  exponential  becomes  the  multiplier  in  the  form  c'1*21, 

with 

: 

1  7o 

o  Mo 
27T  —it— 2 

70 

and  with 


t  =  n  •  r. 


The  quantity  n  •  r  defines  the  vertical  distance  from  the  origin  to  the  point  of  observation. 

It  is  obvious  that  the  diffracted  beam  has  the  same  form,  the  only  difference  being 
in  the  addition  of  Bf{  to  kg  in  the  numerator  and  multiplication  of  x-  and  x2  (amplitude 
ratios)  by  external  amplitudes.  (Remember  D/y  =  xBq.) 


Equation  3.127 

The  question  of  the  boundary  condition  is  rather  involved  and  is  broken  down  into 
"Lauc”  and  “Bragg”  cases.  However,  the  only  additional  boundary  condition  which  can 
be  written  down  is  the  equality  of  amplitudes  at  n  •  r  =  0  (crystal  surface).  Here  the  in¬ 
cident  wave  outside  is  Eq  and  that  inside  is  the  sum  Dq  +  Dq,  so  that  D0  +  Dq  -  Eq. 
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Section  10:  First  Paragraph 

Comments  on  the  sign  of  b  should  be  read  carefully. 


Equation  3.129 

Substituting  t  -  n  •  r  -  0  in  equation  3.125  and  setting  the  quantity  equal  to  0,  v. ' 
get  3.128: 

xlD'o  +  x2Dq  0. 

This  together  with  equation  3.127  gives  us 


r.'  _  x2  re 

v0  _  - —  n0, 

x2  ~  ^1 


D"n  =  - 


*2“*! 


Equations  3.130  and  3.131 

The  notations  /q  have  both  an  advantage  and  a  disadvantage.  First,  they  are  con¬ 
fusing  as  to  which  is  the  transmitted  incident  and  which  is  the  external  incident  wave.  They 
are  at  the  same  time  mnemonically  useful:  interchanging  e  and  0  is  like  intorchangmg  the 
incident  and  transmitted  waves  in  the  Laue  case. 

The  easiest  way  to  remember  the  symbolism  is  to  think  of  the  ordinary  Iq  as  the 
original  beam  intensity  and  of  the  superscript  e  as  denoting  “external!’  To  get  equation 
3.1.30,  write 
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In  the  same  fashion  equation  3.13,1  can  be  derived  for  the  transmitted  intensity. 


Derivation  of  Equation  3.133 

Equation  3.133  is  obtained  by  working  out  equation  3.130: 

ffj  _  j XxX^{Ci  -Co)}2 

h  I  x2~xi  i 

In  deriving  equation  3.133,  one  must  remember  that  ihe  quantity  ijj/Iq  is  real.  This  means 
that  the  expression  inside  the  vertical  lines  in  equation  3.130  must  first  be  expanded  all  the 
way  to  separate  its  real  and  imaginary  parts.  That  expanded  expression  is  then  multiplied 
by  its  complex  conjugate. 

The  quantities  xt  and  are  the  two  roots  of  the  quadratic  equation  3.120.  From 
elementary  relations  of  the  quadratic  equations  we  know  that' if 

ax-  +  bx  *  c  =  0, 

ti'en 

:  (*1  +xz)  * 
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2 

Se  asurito 

**  *  £%>  "  4  *  *  »  ^  +  *  +  «‘(vS  -  ^3)  *'& 

Vo  *  ® | 

wtla  J  =  c>g  _  rtt.  *  C-,  so  ibJ. 

Cl  =  ?-H,4Pi«l’4^«n»| 

Ifee4aade{{!f2)j;i  ■*-&}$%*&}  KerKSosssifijei.  Sggar 

c-»  =  e'ii'J6*w5^*i») 

«5s»e 

^  *■  «*S  -  *  -  p  -  BT  -  -  zr<e  -  c  -  Ir^  «•  i&Z  _  or 

s*  ♦«(**-  ^y;-*) 


*  g  -#- 


^115  -  I 

Ti“  Ve  ~  “/• 


iralj  ?3  «  -cw  -  r„  so  sfeaf- 


Weesz’a^c 
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i — 2  -  _ Ttf  _  7ei  *  7o  - 
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We  define 

e2J/;o^o(l/2)[(7W+70)/y/ryo)]/0  ^  ^0'. 

v/here 


Next  we  rewrite  2  (cosh  2 aw  -  cos  2au)  in  terms  of  sinh2  aw  and  sin2  ( av ).  We  recall 


cos  20  = 


ei20+e-i20 

.2 


and 


sin  0 


so  that 


sin2  0 


,2 iO 


-  e~2i0  +  2 


4 


or 


2  sin2  0  =  1 


a®  +  e~2i0 


2 


1  -  cos  20 


or 


cos  20  =  1  - 


Similarly 


2  sin2  0. 


cosh  20  = 


2<?+e-20 


2 


nd 


sinh  = 


o  that 


sinh2  0 


20  -20 
C  +C 


-  1  =  cosh  20  -  1 
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or 


2  sinh2  0  +  1  =  cosh  20. 


(Both  these  relations  could  have  been 
2(cosh  2 aw  -  cos  2 av) 


looked  up  in  the  handbook.)  Thus 
=  2(2  sinh2  aw  +  1-1  +  2  sin2  av) 
~  4(sinh2  aw  +  sin2  av). 


Finally 

lH  .  o, ,  .2  -unt  sinh2  aw  +  sin 2  av 
y0  |g+z2| 

with 


t  = 


H- 

2W0 


In  the  fashion  in  which  the  quantities  b,  qt  z  are  defined,  it  seems  as  though  1^/7  is  absent. 
Closer  examination  of  equation  3.133  shows  however  that  q  +  z2  contains  1^7,  so  that  the 
expression  is  not  asymmetric  in  V'//  or  1 pfi.  As  it  stands  equation  3.133  is  quite  general; 
there  are  no  restrictions  such  as  centrosymmotiy  of  crystal  structure,  etc.  Equation  3.113 
has  been  used,  which  came  about  from  an  approximation  of  the  form  3.108  and  implies 
that  the  relationship  3.133  holds  when  two  internal  waves  exist  and  the  geometry  of  “near¬ 
diffraction”  is  satisfied.  (An  operationally  meaningful  measurement  of  diffracted  intensity 
requires  that  in  the  Laue  case  the  intensity  should  be  evaluated  at  n  •  r  =  f0  whereas  in 
the  Bragg  case  it  should  be  evaluated  at  n  •  r  =  0.) 


Page  121:  The  Bragg  Case 

In  the  Bragg  case,  one  assumes  that  the  difiraction  takes  plsce  toward  the  face  of  the 
crystal  closer  to  the  incident  beam.  We  are  not  concerned  with  the  situation  in  which  a 
mixture  of  Laue  and  Bragg  could  take  place,  as  this  implies  more  than  one  point  in  the 
reciprocal  lattice  satisfying  the  Laue  equations  and  interferes  with  our  original  assumption 
of  two  internal  waves  only.  (See  page  116,  sect!on  9C.)  Again  using  the  always-valid 
relationship  3.127,  we  get  equations  3.136,  which  are  similar  to  equations  3.129. 


Equation  3.137 

The  quantity  /////$  for  the  Bragg  case  (equation  3.137)  is  evaluated  at  n  •  r  =  0, 
whereas  Iq/Iq  is  evaluated  at  n  •  r  =  t0.  Equation  3.137  can  be  derived  with  a  little  more 
tedium  than  was  equation  3.133  (but  along  the  same  line),  because  it  contains  more  terms. 
This  derivation  is  left  out  of  our  notes. 
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Although  this  equation  does  not  contain  an  explicit  ab  ;orption  factor  this  does 

not  mean  that  absorption  is  not  present,  because  absorption  is  related  to  the  polarizability  per 
unit  volume,  whose  value  imposes  a  numerical  condition  or  ipn  and  In  particular,  as 
stated  at  the  end  of  the  second  note  that  follows,  zero  absorption  means  =  i 0 // 1 2 - 


Page  122:  Last  Paragraph 

Figure  10  may  clarify  the  geometry  of  incident  and  diffracted  beams  in  the  evaluation 
of  the  integrated  power  ratio.  It  is  clear  that  the  assumption 


iff  _  1 

S0  161 


holds  only  for  small  depths  of  penetration.  An  expression  could  be  worked  out  fer  the 
ratio  S[{/S0  as  a  function  of  depth  of  penetration.  This,  however,  would  be  irrelevant  to 
the  present  problem,  because  in  most  cases  the  beam  size  is  indeed  large  enough  compared 
to  the  penetration  depth  to  satisfy  the  above  relationship,  and  if  the  penetration  depth 
were  large,  the  relations  Ptj  =  ///Sw  and  P0  =  I0S0  would  not  hold  true,  as  the  intensity 
would  not  be  uniform  across  the  beam  (due  to  absorption),  and  both  relations  should  then 
be  replaced  by  some  sort  of  volume  integrals  rather  than  simple  linear  products.  Note 
also  that  the  only  case  in  which  the  cross-section  areas  of  the  incident  and  diffracted  beam 
are  equal  occurs  when  the  diffracting  planes  are  parallel  to  the  surface  of  the  crystal. 


\ 


Fig.  1 0— Geometry  of  incident  and  diffracted  beams  in  the  evaluation  of  the  integrated  power  ratio  for 
the  Bragg  case:  (a)  L?vge  depth  of  penetration  and  (b)  Small  di  pir.  of  penetration 


Page  123:  First  Para  gu' oh  of  Section  11 

Remember  that  /i0  waS  obtained  from  equation  3.100  and  depends  on  the  imaginary 
part  of  the  polarizability  per  unit  volume.  Therefore 

ty"  -  0,  a  =  1  + 

Furthermore  the  Fourier  coefficients  are  not  necessarily  real,  but  they  must  satisfy  the  con¬ 
dition  that  inverting  the  indices  H  does  not  change  the  vaiue  of  (see  equation  3.94): 
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c«2nB//*r  ^  e-/2irBjj*r  „  ei2rrBw*r 


or 

tf'/T  =  Wi- 

Therefore 

4'H'l'h  -  'I'H'I'H  31  I'M2- 


Page  123:  Power  Ratio  in  the  Laue  Case;  Derivation  of  Equation  3.142 
With  zero  absorption  equation  3.133  becomes 

sin2  (av) 


la 

rc 

io 


|<7  +  z2| 


&2I^//I2 


We  convert  |^w|  to  K\^f{\,  where  K  is  the  polarization  factor  (1  or  cos  20).  With  q 
b\\l/H]2K2  and  u  =  y/q  +  z%  we  have 


Wfel2*2  sin2  («v/W„ IK  |/l  * 

K26|*«|2(1  + 


which  from  the  relation  P///Po  =  (l/IO|)(/////o)  becomes  equation  3.142,  in  which  (defini¬ 
tions  3.140  and  3.141) 


/t  -  ayfbWl{\K, 


z  |[(l-6)^0  +  M 

y/bwitfic*  y/MWft\K 


From  the  form  of  equation  3.142  the  variable  y  is  dimensionless.  It  is  related  to  a 
through  tne  definition  3.141.  However  do  not  confuse  this  a  with  the  a  (polarizability) 
as  defined  in  equation  3.93!  The  dimensionless  variable  y  1  "S  a  particular  advantage  over 
the  other  variables  (0,  X,  in  that  ;.t  makes  the  calculations  “coordinate  independent." 
Once  the  results  arc  obtained  for  y,  they  can  be  easily  rewritten  for  other  variables. 


Page  124 

In  the  Bragg  case  it  is  necessary  to  check  whether  y/q+z%  -.s  positive  or  negative, 
bcc«j:°  b  <  0.  The  separate  solutions  are  derived  in  equations  3.143  and  3.144.  Note  the 
remark  directly  under  equation  3.144. 

A  particular  elegance  of  the  use  of  the  y  scale  that  it  makes  the  diffraction  patterns 
symmetrical  (since  changing  y  to  -y  does  not  change  the  form  of  equations  3.142  through 


>  -  X  Ma-b)  * 

}'°  ~  -  4b  sin2  0^°’ 


Obviously  0Q  -  0B  and  >j  -  \B  only  when  b  -  +1.  The  center  of  diffraction  pattern 
corresponds  to  the  Eragg  angle  only  in  the  symmetrica]  Laue  case.  This  is  not  true 
for  any  other  geometry. 

Page  124:  Last  Two  Sentences 

See  equations  3.95,  3.100,  and  3.101.  Remember  that  is  zero  (no  absorption),  so 
that  is  completely  real. 

^0  =  ^0  +  ^0 


Derivation  of  Equation  3.146a 
From  equation  3.131 
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Previously  we  had 


hi 

re 


=  &2I*«!2 


sin2  au 

lq+z2 1  ' 


Here  the  de.^r’inator  is  obtained  the  same  way  as  before 


1*2 -*'i  I2 


4|g  +  z2{ 

ItifF  * 


The  numerator  is 

'x2cl  ~  -vlc2l2  =  *1  +  *2  "  xlX2(Cl4  +  c2cx) 

=  *f  +  x\  -  xlx2[eite2'*l)  +  c«(¥Jl-V2)j# 

This  factorization  is  possible  because  ac  =  ac*  with. no  absorption.  Note  that  the  a>’s 

' ’  !f  ^ey  wcre  ‘^aginary  or  complex  the  above  step  wouid  have  tc  be  done  more 
fully!  Thus 


l*2ci  -  xxc2l2  =  xx  +  x\  -  2xxx2  cos  [(<fi2  ~^j)t0]. 


where 


(*2  ~  *i)'o  =  ~~  (8'q  -  6’0)  =  2a(8"0  -  5q), 
in  which  a  was  defined  in  equation  3.134.  With 

K  -  -o  -  Vg  +  z2  s  e 

we  get  for  the  numerator 

numerator  =  *?  +  x\  +  2x,*2  -  2xj.-c2  -  2x^2  cos  2au 
=  l*i  -*2l2  +  2*1.r2(l -cos  2au) 

~  1*1  +*2l2  -  4b  ry—  sin2  au. 

'rut 

Observing  the  expressions  above  for  lHll%  and  i°/I$,  we  have 

S.  =  1  ihi 

‘o  <■  If, 


or 


'■?  -  '’S  -  />« 


are 

care- 
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or 


Pcn  =  P°  +  P, 


//• 


Page  125:  Bottom  Paragraph 

See  equations  3.116  and  3.118. 


Equations  3.147  through  3.149 

In  the  four  relations  3.147  the  ratio  P[{/Pq  should  first  be  expressed  in  terms  of  the 
variable  with  respect  to  which  the  integral  is  calculated.  For  the  variable  y  this  quantity  is 
already  worked  out  as  equations  3.142  through  3.144.  It  is  therefore  necessary  to  trans¬ 
form  the  integrals  for  the  other  tltree  variables.  To  avoid  the  difficulty  of  the  precise  defi¬ 
nition  of  domain  of  integration,  we  conveniently  extend  the  limits  to  (-<»,  +°o).  Then  the 
integration  can  be  perforce'*  by  multiplying  each  integrand  by  the  partial  derivative  of  the 
variable  considered  with  respccc  to  y:  For  example,  dO  =  (3 0/3y)dy,  etc.,  where  30/dy  is 
then  a  constant  and  comes  out  of  the  integral  sign  (the  relationship  between  all  these  vari¬ 
ables  is  linear).  In  this  fashion  equation  3.148  leads  to  3.149.  Once  again  we  see  that 
only  ltf{  is  essential  for  any  calculation 


Page  126:  Diffraction  in  Thick  Crystals 

The  power  ratio  3.14?  in  the  Laue  case  shows  an  oscillating  nature  that  becomes  more 
and  more  pronounced  with  increasing  A.  An  uncertainty  in  the  thickness  equal  to  10’3  cm 
or  in  A  equal  to  n/2  justifies  ine  substitution  of  the  sin2  term  by  its  average  value  1/2. 

We  arrive  at  this  uncertainty  through  the  following  estimate.  We  have  from  equation  3.140 


A 


xk0KWl{\ 


_Jo_ 

VWrTi 


or 


A/» 


irk0KWl{  1 


At0 

V7o7/7  ’ 


For  A/1  “  jt/2 


it 

2 


55  ol^//l  T2  * 


mu%V 


Since 
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with 


e  =  4.8  X  10-10  esu, 


*0  =  lO^9, 

Fh  =  10  o):20, 

V  %  (3  X)3  »  30  X  10~24  cm3, 
m  =  9.1  X  10-27  g, 

this  gives 

Af0  ~  10"3  cm. 

Equation  3.151 

The  half-width  value  is  determined  easily  on  0  and  X  scales  by  the  same  method  as 
equation  3.149. 

Equations  3.152 

The  evaluation  of  Rfy  ~  x/2  and  other  R  values  as  in  equations  3.152  are  the  easiest 
for  the  I«iue  case  with  no  absorption.  These  again  arc  straightforward  and  will  not  be  ex¬ 
plained  here. 

Equation  3.153 

The  average  polarization  factor  is  the  value  customarily  used  in  a  simple  diffraction 
experiment.  However  it  should  not  be  assumed  that  this  value  holds  for  various  geomet¬ 
rical  arrangements,  as  encountered  for  example  in  the  double-crystal  spectrometer. 

Equation  3.154 

In  Equation  3.144,  \J\  -  y2  is  physically  meaningful  when  lyl  <  1.  Hence,  as  A  in¬ 
creases,  the  ratio  P///Pq  approaches  unity,  because  both  the  numerator  and  the  denomina¬ 
tor  contain  sr nh2  A  \/l  -  y2.  For  very  thick  crystals  it  follows 

=  1  when  lyl  <  1  and  A  »  1. 

Fo 

We  had  previously  (last  paragraph  on  page  122} 

hi  =  1  III 

Po  1*1  /  o 
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or 


hi 

'8 


=  161 


70  =  _7£L 

X U  Xu 


with  6  <  0 


or 


hlXu  +  Xt)‘o  ~  °» 

which  shows  that  the  (algebraic)  sum  of  inward  and  outward  flux  equals  zero  (total  reflec¬ 
tion).  This  holds  for  the  range  lyl  <1. 


Derivation  of  Equation  3.155 

Equation  3.155  is  the  result  of  evaluating  the  average  P///Pq  f°r  thick  crystals  when 
lyl  >  1.  We  begin  with  the  expression  for  P///P0  given  by  equation  3.143: 

p/{  sin2  A\/ y2  -  1 

p0  y2  - 1  +'sin2  A  v/y2  -  1 


This  can  be  rewritten 


sin2  /lVy2  -  1  y2  - 1  +  (sin2  /lVy2- 1)  -  (y2  - 1) 

y2  - 1  +  sin2  Ay/y2  - 1  y2  - 1  +  sin2  /l\/y2  - 1 


=  1  - 


_ y2-i _ 

y2  -  1  +sin2  Ayjy2  - 1 


For  large  A  therefore  we  need  to  average  the  second  part  only.  We  are  interested  in 
an  integral  of  the  form 


JL  f11*8,1  rz-i 

5/1  y2  -  1  +  sin2  A  \/y2  - 1 

where  6/1  is  chosen  such  that  the  integral  goes  ^between  maximum  and  minimum.  Without 
setting  the  limits  of  integration  and  specifying  the  value  of  5/1  more  exactly,  we  evaluate 
the  indefinite  integral.  We  let 


y2  -  1  =  x2,  x  >  0. 


Thus 
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1_  f  (y2  - 1  )dA  =  y2  - 1  r  dA 

5A  J  y2  - 1  +  sin2  A\/y2  - 1  5A  Jx2+sin2/lx 

1  y2  - 1  I'  rf(yijc) 

*  5/1  J  x2  +  sin2  >1* 

y2  -  1  C  dz 
x8A  J  x2  +  sin2  z 

From  a  table  of  integrals 


The  limits  of  integration  were  set  at  A  t  and  Ax  +  8 A.  After  multiplication  by  x  and  re¬ 
defining  the  variable,  the  limits  are  /»1x  and  (Al  +  5 A)x.  Hence 


Since  the  value  of  /ij  is  uncertain  by  an  appreciable  amount  (=»ar/2),  we  choose  AjX  in 
such  a  way  ihaC  tan  AjX  =  0.  The  value  of  the  second  of  the  two  terms  in  the  braces  is 
then  0.  For  the  first  term  in  the  braces.  *£e  should  evaluate  tan  (Aj  +  8 A  j  )x.  Since  tan 
Alx  =  0,  tan  (A  j  +  6/^Jx  =  tan  (5Ajx).  The  value  of  this  quantity  depends  (for  each  x 
in  the  problem)  on  the  value  6/1  j.  We  choose  the  smallest  value  in  terms  of  x  that  makes 
the*  quantity  tan  (6/tjx)  a  maximum  (we  do  not  care  for  other  values  of  5/1  j}.  So  we 
must  have  5 AjX  =  ir/2  or  5/1  j  =  ir/2x.  This  is  the  value  of  5Aj  tliat  gives  the  average  of 
the  integral,  which  should  be  evaluated  between  the  limits  A  j  and  /tj  +  5/1  j .  Reinserting 
the  multiplier  (y2  -  l)/x5A  that  was  in  front  of  the  integral,  we  get 


y2  - 1  tt/2 
x  tt/2x 


1 


y2  -  1 


Jfosjamss 


y2  ' 


Tlie  complete  expression  for  equation  3.155  is  now 


-1 
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1 

SAj 


,At*SAi 


‘As 


Pit 


d A  =  1  -  Vl-y2. 


The  relationship  5.4  j  =  x/2v  implies  that  for  small  x,  that  is,  y  ~  1,  SA1  can  be  many 
times  s/2.  however  as  x,  and  therefore  y,  increases,  up  to  x  ~  ir  the  value  of  $At  a p- 
pro.aches  s/2.  For  very  large  r  or  y.  sensitivity  in  5 A  decreases  to  a  fraction  of  ar,  it  is 
therefore  important  to  indicate  the  range  of  applicability  of  these  results.  Conclusions 
drawn  from  equation  3.T4&  are  left  up  to  the  reader. 


Top  of  Page  129 

To  evaluate  Ry,  we  integrate 

i.  2  t* 

=  -|-X  +  2  +  -|-i  =  r. 

Other  expressions  in  equariont  3.156  follow  the  same  way  as  for  equations  3.152.  Note 
that 


Ry  (Bra®)  =  2Ry  (Laue). 

The  reader  may  be  ablc  w  give  a  simple  plausibility  argument  for  this. 

Page  129,  TKin  Crystals 

For  the  very  thin  crystiil,  -with  A  very  small,  one  of  two  things  may  occur.  In  the 
equation 

pf/  sin2  A  V y~  +  1 

Po  “ 

either  y  is  small,  in  which  case  the  numerator  is  much  smaller  than  the  unity  and  the  ratio 
Ph/Pq  is  negligible,  or  y  is  large,  in  which  case  y2  +  1  ~  y2  and  equation  3.157  follows. 
The  same  reasoning  applies  to  equations  3.143  and  3.144. 


Comments  Following  Equation  3.159 

The  comments  following  equation  3.159  should  be  read  in  the  light  of  our  redefinition 
of  half-width  according  our  note  pertaining  to  the  middle  of  page  101.  When  D  is  small 
(so  that  the  entire  crystal  plate  contributes  to  diffraction),  we  may  see  that  the  definition 
D  -  t0  (sin  0jj)/h7/l  is  physically  reasonable  (Fig.  11). 
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(o)  ibi 

Fijs.  1 1-Diffndto  ;«w>tlria  for  Uiin  crystals:  (a)  Bra^S  case:  U  m  :q  and  |b)  Lane  case: 

D*tobsfft 


Equation  3.160 

It  may  be  seen  that  the  total  reflecting  power  for  a  “thin’*  crystal  is  a  linear  function 
of  A.  whereas  for  the  'hick-crystal  there  is  no  A  dependence. 
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in  taking  the  mean  we  have  written 


\{K\+Ki)  =  |(l+cos2203). 


Page  131:  Top  of  Page 

The  paragraph  portion  at  the  top  of  page  131  contains  some  very  important  remarks 
.regarding  kinematics!  and  dynamical  theories. 


Page  131:  Crystals  of  intermediate  Thickness 

Setting  y  =  0  in  the  Laue  expression  (sin2  A  \fl  +  y-)/(l  +  y2)  (for  the  center  of  the 
diffraction  pattern),  we  see  that  the  value  ofcsiri2  /I  increases  to  1  as  A  -f  s/2.  Thereafter, 
It  oscillates  between  0  and  I.  Away  from  the  center,  that  is,  for  v  #  0,  the  Laue  expres¬ 
sion  is  an  oscillating  function  of  A„  for  every  y  in  the  problem,  the  higher  values  of  A 
lead  to  faster  and  faster  oscillation^  that  is,  the  interference  fringes  squeeze  together  with 
increasing  A. 


Equation  3.162  Through  3.166 

It  is  easier  to  develop  ac  manageable  expression  for  the  total  integrated  intensity  than 
for  the  power  ratio.  A  familiar  mathematical  tool  is  used  here:  To  evaluate  a  function 
/( x)  it  may  be  convenient  to  first  differentiate  the  function,  expand  the  derivative  in  a 
Taylor  or  some  other  infinite  series,  and  then  reintegrate.  A  variation  of  this  trick  is  used 
in  deriving  equation  3.165;  Since  we  observe  from  equation  3.163  the  similarity  with  the 
Bessel  integral,  differentiate  equation  3.1 63,.  express  the  result  in  the  B€ssel  function 
Jq[P),  and  again  integrate. 

Equation  3.166  verifies  the  previous  results  that  for  the  Laue  (as  well  as  the  Bragg) 
case,  small  A  implies  ft}}  =  zA,  and  for  the  Laue  case  alone,  with  very’  large  A,  ,R//  = 
x/2. 


Page  133:  Bragg  Case 

For  the  range  y  <  1  see  equation  3.154.  Again,  working  out  the  integral  3.16Y  for 
R/1,  we  find  the  numerical  estimates  for  large  and  small  A  In  agreement  with  previously 
derived  equations. 
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Equation  3.169 

The  definition  3.1 69  is  the  same  as  toe  definition  3.140.  A  “stroa^ef  reflection  oases 
rditndy  large  FK  or  V[f.  Substituting  appropriate  numbers  for  £*;  (eukrte  etc.),  »e  get 
A  =  1.7  X  103  Ktol+/7(iiif*  weteas  for  szsaSer  Fis  we  swM  Gad  laaStr  A  Tee  as- 
sumption  that 


tmpses 


,  life 

A  =  1.7  X  IQ3-- - -  <  0.4 

V7C7// 


-==  <  0.4  -  -y  T|5  ~  0l2X1(T3  «  2X1Q-S. 
V  7o?tf  1'<  x 


Thus  the  “effecthe  linear  dimension”  increases  with  decreasing  A.  The  relationship  3.169 
controls  the  range  of  applicability  of  the  thin  ctystai  formula  for  strung  and  weak  refac¬ 
tions. 


Equations  3.170 

By  ^  w»  mean  V/j  with  “erres  //."  that  Kwhfc  ntnssid  MStr  radices. 

Equation  3.172 

See  equation  3.98. 

Equation  3.147 

in  equation  3.174  Uje  factor  V{/2  is  the  same  as  SG  ss  shown  hr  equations  333, 
3.106.  and  3.1  OS.  Also  note  the  nibprint:  the  bracket  si  the  otpoewst  sber-dd  Be  dotted 
into  r. 


Equations  3.177 

Both  Fourier  components  of  y'  and  v~  are  In  general  complex.  We  had  prerioushr 
set  the  quantities  iv'//i2,  ly/ji2,  and  I-//V/71  equal  to  each  other.  Here  however  we  buz* 
resolve  them  into  real  and  imaginary  parts.  For  example 

?/r  =  1  V'f  *  »vJ/52  =  (v^'VkKv;; -*£»> 

*■  5v//l2  +  Iv/j -2  -  *u'//V//  *  »V//V//- 
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We  have 


and 


Finally 


•'I'h'P'h  +  (i  'Vh^'h*)*  =  2  Re  {i'll' 

=  (V'A/r  +  =  =  V'«r  +  <^/// 

P.e  (iyHv'i{*)  =  Re  [i(^r-i^J/.)(^r  +  l‘^///)J 
-  tl^Hr  ~  *k*Hr 

|^|2  =  |^|2  +  |^|2  +  2[^tfr  " 


Equations  3.179  and  3.  \80 


The  assumption  of  equality  of  the  three  expressions  3.177  is  purely  a  matter  of  con¬ 
venience.  However  it  is  clear  also  that  for  crystals  without  centrosymmelry  the  calculation 
would  become  quite  involved.  From  now  on  we  assume  that  the  Fourier  components  if/'n 
and  are  real,  and  for  each  set  of  Miller  indices  we  set 


where  in  general  is  much  less  than  ^i'{{  (due  to  the  small  anomalous  part  of  polariza¬ 
bility).  Equations  3.180  follow  from  equations  3.177: 


W//I2  =  I*/?!2  %  \W- 


Equations  3.181 

The  definitions  3.181  follow  the  same  pattern  as  equation  3.141.  One  difference  «s 
in  the  factor  i£0,  which  is  now  explicitly  written  cut  as 

i|/0  =  Vo  +  'Vo- 

The  factor  iV//|  in  the  denominator  is  now  rewritten  os  The  expression  for  y  in 
equation  3.1 .1  is  now  replaced  by  two  expressions:  y  as  before  and  g  (absorption  lermj 


Equation  3.182 

To  obtain  \  rq~+  2  2  (equation  3.182),  we  substitute  q  and  z 2  from  equation  3.123. 
Equation?  3.180  should  be  used  in  evaluating  q,  and  equations  3.181  should  be  used  in 
evaluating  z-. 
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Derivation  of  Equation  3.133 
Within  equation  3.182 


KSK5 the^d  «S«oSe3!?|f  ^  Part  is,'I/--/TT^-  This  in  oqua- 
au  =  Re  VTiy2  f2  +  _Jt L_j  „  A 


x/T+y2 


A!so,  ignoring  k,  we  have 


|q  +22|  =  (y2+{t,2|  %  ^2|^;/|2(1 +y2)_ 


Comments  Following  Equation  3.184 


fe'to"''  f“‘"  ''n  *>>  mi  *•  «H>«  in  to  absorption  to™.  If  *» 


«  A. 

1 0 

S  ^  equattan  “  **  for  small 

numerical  techniques  in  calculating  s\  for  larger  kT.1'  0IW  mUSt  ‘'K°rl  10  more  olaborafc 

Derivation  of  Equation  3>188 
We  first  write  by  definition 

2“A  “  2H "Wit!  -  2l*|^x!|i| 

=  2nk0<y'o^  =  £&*J2  i^id  =  -Mq 

70  lv0i  70  IV'ol  7o  * 


With  this  definition  equation  3.185  becomes 
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-rr-oT^  O'o/ro/j  +  2sinh2-7^L='|  «  ■  ,■■ 1  _  e-Poto/7o[i-(s/v^Ti 
2(*  +  y2}  \  \/l+yi)  4(1  +  y2) 

To  see  this,  we  write 

_  KA  _  (rX  _  e-x\2  s2x  .f.  e-2x  _  1 

sinh2  —===  =  sinh2  *  =  L— ,  —  J  =  - - — - -  . 

v/TTy2  *»  4 

If  we  set  x  =  3,  then  e2*  =  e6  »  400  and  e_2v  =  0.0025  and  can  be  neglected;  hence  we 
have 


sinh2- 


kA 


«  ic2 KA/y/Uy* 


s/i+y2  4 

to  one  part  in  400.  Thus  equation  3.188  fellows. 


for  x  >  3, 


Page  140:  Top  Two  Lines 

To  evaluate  the  half-width  ioy,  v:e  proceed  as  previously,  by  setting  the  maximum 
value  of  equation  3.188  equal  to  twice  the  value  at  ojy  =  y: 

- 1 — „-(po< o/7o)I M e/Vl+y2)]  _  JL  i.,-(Po<o/7o)(i-s) 

4(l+y2>  2  4 


Taking  logarithms  of  both  sides,  we  obtain 


-log(l  +  y2)  +  log  2  + 


Ppepto 

To  x/1 + y2 


Vpt  o 
To 


P0*0  ,  ifojt o 

To  To 


This  equation,  after  simplification,  is  seen  to  be  satisfied  for  y  between  0  and  1.  In  fact 
when  2kA  -  Po^o/To  is  very  large,  the  equation  holds  for  y  very  near  zero.  It  is  then 
reasonable  to  assume  that 


log  (1  +  y2)  »  y2  + 


by  expansion  around  y  =  0.  Then  we  have 


+  log  2  + 


2kA 

v/TTT5 


2 kA. 


We  now  expand 


1 


1  - 


x/T+y5 
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Hence 


or 


or 


-y2 


+  log  2  +  2kA  1 1 


y£\  ~ 
2/  ~ 


2 kA 


y2  (1  +  kA)  =  +  log  2 


l2  _  lQg2 

kA  +  1* 


Thus 


/  log  2 

wy  '  ]/  |km  + 1  • 

The  next  statement  that  “as  |kW  decreases  to  zero,  u>y  increases  to  V  obviously 
does  not  come  from  the  expression  just  derived,  because  the  latter  refers  only  to  an  ap¬ 
proximation  for  large  \k\A.  It  may  bo  seen  from  equation  3.186  that  the  half-width  at 
I k\A  =  0  is  equal  to  1. 


Page  140:  Bragg  Case 

The  Bragg  case  is  again  more  difficult  than  the  Laue  case.  For  very  thick  crystals  we 
may  set  sinh  aw  ~  cosh  aw  so  that  equation  3.139  reduces  to  equation  3.189.  (Note  that 
sin  av  then  oscillates  between  -1  and  +1  and  may  be  ignored.) 


Derivation  of  Equation  3.190 
From  equation  3.182  we  get 

I q  +  z2i  -  Jf2l#j|2l&IM2ftc  +  l)  +  y2  +  2igy  -  g2|, 
where  the  minus  sign  is  used  for  b  in  the  Bragg  case.  From  equations  3.123  and  3.180 
q2  =  l&l2  Wi/tfffl2  =  bz\$fi\2K2\l  +  2ik[ 

»  |62|  |^,|2Jf2(l  +  4x2). 

Substituting  this  in  equation  3.189  namely. 

1  In  =  Pij  u _ b\<jjupKz _ 

b  !o  PCo  "  !q  +  z~\  +  |z2|  +  x/Tfi’  +  z2 1  +  W  -  W  ’ 


which  is  the  same  as  the  definition  for  I  given  .iy  equation  3.190a,  because 


\q  +  z2\  =  K2|i^|2U>|V(-l  +  y2  -g2)2  +  4(y g-K)2 

z2  =  yZ  + 


Then 

L  -  VI-2  -  (1  -  4k^)  I  -  VI2  -  (1  +  4k2) 

P0  ~  I2  -  (I2  - 1  -  4k2)  "  1  +  4k2 

Here  we  multiplied  both  the  numerator  and  the  denominator  by  I  -  \/l2  -  (1  +  4k2). 
Since  4k2  «  1,  we  ignore  it  in  the  denominator  and  obtain  equation  3.190. 


Page  141:  The  Darwin  Solution 

The  assumptions  of  the  Darwin  solution  are  stated  in  the  subsection  beginning  on  page 
141.  Here  M  s  b  if  g  =  0  and  k  =  0,  or  from  equation  3.190a 

M  s  |y2  -  If  +  y-. 


Equations  3.192  and  3.193 

When  iyl  <  1,  equation  3.192a  is  obvious,  because  M  =  1.  When  [y|  ^1,  we  write 
M  =  2y2  -  1,  so  that  from  equation  3.191  the  expression  for  PfjJPq  is 


2y2  -  1  -  V(2y2  - 1)2  -  1  =  2y2  -  1  -  V+y1  -  4y2 


=  2y2  -  1  -  2|ylVyrrl 


=  (iyl  -  Vy2  - 1)2. 

In  evaluating  the  integral  the  expression  just  derived  is  integrated  in  the  two  regions 
-oo  <y  -  1  and  +1  <  y  <  +oo,  whereas  for  iyl  <  1  the  value  Itf/  is  clearly  =  2. 
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Furthermore  since  in  equation  3.192b  the  expression  for  P;//P0  is  an  even  function  of 
y  (changing  y  to  -y  does  not  change  the  value  of  the  function),  it  is  necessary  to  evaluate 
only 


2  f  (y  -  Vy*  -  l)2  dy. 
+1 

Page  141:  Last  Paragraph 

The  lack  of  symmetry  is  apparent  by  changing  y  to  ->*. 


Equation  3.194 


Equation  3.194  can  be  shown  immediately  by  solving  for  the  root  of  DL/9y  =  0.  On 
the  glancing  angle  scale  we  have 


VW\K\y}{  i 


g 


with  oc  as  given  in  our  note  pertaining  to  page  124.  Therefore  (see  equation  3.145a) 

(|  +  fWol  -  ^W',{\VW\K 
0o  =  olf  +  ^ - e- - . 

0  1  |6|  sin  20 a 

The  quantity  |6|  is  written  as  an  absolute  value  to  make  equation  3.194  more  universal. 
Note  that  in  the  Bragg  case 


1-b  =  1  +  Ibi 
2  2  ' 

Equations  3.194  and  3.145a  are  similar  except  for  the  k  term.  The  effect  of  this 
term  depends  on  the  sign  of  k.  Ordinarily  tills  term  v/ould  tend  to  bring  the  peak  of  dif¬ 
fraction  back  to  the  Bragg  position.  However  the  shape  would  still  be  unsymmetric  unless 

K  =  0. 


Top  of  Page  143 

From  equation  3.190  we  evaluate  the  intensity  maximum  (P///Po)max  at  y  =  Kfe'- 
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In  the  transition  from  the  second  to  the  third  equality  we  used  the  fact  that  k  <  g  always. 
So 

—f1  =  L  -  VL 2  -  (1  -4k2)  =  1  +  2g2  -  2\/g2(g2  +  1  -K2). 

Fo 

The  crude  approximation  Ryl{  ~  (8/3)(l  -  2|g|)  is  based  on  the  following:  When  g  = 
0,  R  ji  =  8/3,  so  that  for  very  small  g  one  might  be  able  to  write  for  Pjj/Pq  the  expression 
just  derived: 


=  1  +  2 g2  -  2ig,l2\/l  +  g2  -K2 
1  o 

*  1  +  2g2  _  21*1  |l  +  |(g2-K2)J  ' 

*  1  -  21*1 


RyH  *  f(l-2|*|). 


Pages  14 4  to  147:  Diffraction  Pattern  for  Calcitc 

The  diffraction  pattern  calculation  is  quite  tedious  but  straightforward.  It  is  suggested 
that  the  reader  become  familiar  with  structure  factor  calculation  techniques,  the  simplest 
of  which  can  bs  found  in  Cullity  [61  and  Azarofl  [1J.  Otherwise  Zachariasen’s  three-page 
explanation  of  results  is  adequate. 


Page  147:  Double  Crystal  Diffraction  Patterns 

In  this  final  section  of  Chapter  III  the  experimental  method  of  verification  of  pervious 
theory  is  described.  Again  we  find  the  explanation  quite  lucid  and  leave  the  derivation 
entirely  as  an  additional  exercise  for  the  reader. 
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